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TRISTRAM DE PIRO

ABSTRACT. We prove there exist solutions (p, J)) to the 1-dimensional
wave equation on [—m, 7], such that when (p, J) are extended to a

smooth solution (p, J) of the continuity equation on a vanishing an-
nulus Ann(1,e€) containing the unit circle S*, with a corresponding

causal solution (p, J, E, B) to Maxwell’s equations, obtained from
Jefimenko’s equations, the power radiated in a time cycle from any
sphere S(r) with r > 0 is O(%), so that no power is radiated at
infinity over a cycle.

1. INTRODUCTION

This paper is divided into three parts. In the first part, in Lemma
2.3, we prove a simple result showing that we can produce a pair of
solutions (¥, J) to the 1-dimensional wave equation on the circle, with
given initial conditions ¥, and %—‘f|0 such that %—‘f + ‘3—i = (. This last
equation allows us, in the second part, in Lemma 3.6, to extend the
pair (¥, J) to a smooth pair (p, J) satisfying the continuity equation
%f +7.J = 0 in three dimensions, which restricts to the pair (¥, .J) on
the unit circle, but may not satisfy the three dimensional wave equa-
tion, see [4]. We also prove some results about possible flows on the
unit circle which satisfy the continuity equation. In the third part, we
use a result from [4] to construct a solution (p,J, E, B) to Maxwell’s
equations from the pair (p,.J), using Jefimenko’s equations, which is
referred to as the causal solution in [1]. In Lemma 4.3, we calculate
the power radiated P(r,t) over the sphere S(r) of radius r for a fun-
damental solution p' = cos(mx)cos(mt), J* = sin(mx)sin(mt) to the
wave equation on the circle and note that it does not satisfy the no
radiating condition, in the sense that lim, ., P(r,t) = 0, even when
averaged over a cycle (¢,t + 7). The calculation does not involve any
approximations. However, in Lemma 4.9, we find that we can satisfy
the no radiation condition over a cycle, lim, o ftH% P(r,t)dt =0, by
taking a linear combination of fundamental solutions, setting three of
the parameters to be equal, and reversing the sign of the fourth. This

result relies on Poynting’s theorem and the fact that the mechanical
1
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energy of a charge and current configuration restricted to a circle, can
be computed over any ball B(r) with » > 1. However, there are still
some issues with computing the mechanical energy, which we hope can
be resolved accurately in [9].

The result is interesting because the Larmor formula predicts that
the power radiated at infinity by an accelerating charge, P = %;“2 is
non-zero, unless the particle travels in a straight line. However, for a
collection of particles, we obtain an effective cancellation when aver-
aged over a cycle. Rutherford also used Larmor’s result to suggest that
the electrons in an atomic orbit couldn’t orbit the nucleus in circular
or elliptical orbits, as they would lose energy and spiral into the nu-
cleus. The result in the paper suggests, however, that there are atomic
configurations of charge and current which retain energy over a cycle,
and, therefore, wouldn’t collapse as Rutherford predicted.

In the final remark, we show that we can generalise the results of
the paper to the 1-dimensional wave equation with velocity ¢. Anal-
ogously, in the paper [4], we proved that for any initial conditions
{po, %b}, there exists solutions (p,.J) to the three dimensional wave
equations with velocity ¢, a connecting relation, with velocity ¢, and
the continuity equation;

where [J? denotes the d’Alembertian operator, such that there exist
fields {Es, Bs} in every inertial frame S, with div(Eg x Bg) = 0, and
(ps, s, Es, Bg) solutions to Maxwell’s equation for the transformed
charge and current (pg, J5). In particularly, the power radiated P(r, )
over any sphere S(r) is identically zero, without averaging, and irre-
spective of the inertial frame. This seems to be a stronger type of
radiation than that considered in this paper, and would probably have
to be generated over a sphere, using a cavity magnetron, rather than
a circular antennae.

In the paper [5], we proved that an atomic system which satisfies the
no radiating condition and is in thermal equilibrium must also satisfy
the equations (1), but we have not yet shown the converse, that there
is an atomic system which satisfies the equations () and is in thermal
equilibrium. However, the result of this paper together with ongoing
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work in [8] and [9], yield a method for finding the appropriate initial

conditions, see the final Lemma 4.14.

2. THE WAVE EQUATION ON A CIRCLE

Definition 2.1. We let C*([—m, 7)), C(R) and C*(R) have their
conventional meanings. We let T = [—m, 7| xR and let T® = (—7,7) x
R denote its interior. We let C(T) = {G, continuous on T,G; €
C([—m,m]), forte R}, S(T) ={G € C(T) : Gy € C°([—m,n]), for
teR,GIT € C=(T")}

Definition 2.2. For any real {¥, Uy, V,} C C®(|—m,n]), we define
the Fourier coefficients, for m € Z by;

Fw)m) = [, [, Wola)emd
m = % f:r Vo (z)cos(mz)dx
b = 5= [T Wo(x)sin(ma)dx
an, = 5= [* Uy (z)cos(mz)dz

b, =5 |7 Ui(x)sin(mz)dz

Lemma 2.3. For any real {Vy,V,} C C([—m, 7)), there exists a
unique real ¥ € S(T') solving the rescaled wave equation;

with ¥(0,z) = Wo(z), and §L(0,2) = Vy(z) for x € [—m, 7). More-
over, using the terminology of Definition 2.2, U is given explicitly by
the series;

apttag+2 ),z amcos(mx)cos(mt)+23 o bpsin(mz)cos(mt)
+23 ez, %cos(maz)sin(mt} +2 ez, %sin(mx)sm(mt)

If U € S(T) denotes such a solution, with related charge density and
current;

p(x,t) = \Il(l‘,t)
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9
J(x,t)= [T —Ldx

Then {p, J} satisfy the continuity equation;

In particular if P(t) = ffﬂ p(x,t)dx, then P(t) = P(0) is constant.
Moreover, when Wy and ¥, are symmetric, we have the additional re-
lation;

aJ _ _9p
ot~ Oz

and J also satisfies the wave equation with J € S(T'), and with {p, J}
given explicitly by;

p(x,t) = ap+agt+23 ", - oamcos(mz)cos(mt)+2% - o %cas(mx)sin(mt)
J(z,t) = —agm—apgz+2) ", o200 amsin(maz)sin(mt) =23 - o %sin(mm)cas(mt}
Proof. For the first part, suppose there exists U € S(T) satisfying the

hypotheses, then taking Fourier coefficients of the equation, for m € Z,
and using integration by parts, we have that;

F(ZE — 2%)(m)

— LEOmY L2 F(W) (m, t) = 0
Solving the resulting ODE’s for m # 0, we have that;
F(U)(m,t) = Ape™ + B,,e”™m

= (A, + By,)cos(mt) +i(A,, — By,)sin(mt)
F(U)(0,t) = A+ Bt

where (A,, + By) = F(V)(m,0) = F(Vo)(m), (imA,, —imB,,) =
F(ZE)(m,0) = F(U,)(m), A = F(Tp)(0), B = F(;)(0). It follows
that;

F(W)(m, t) = F(W)(m,0)cos(mt) + LU i (mp), (m # 0)
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F(0)(0,1) = F(Po)(0) + F(¥1)(0)t, ()

By the inversion theorem W is unique, and, using the fact that ¥ is
real, symmetry properties of the Fourier coefficients {a,, by, al,, b }
and (x);

U(x,t) =3, cs F(¥)(m,t)e™™

= F(¥)(0) + F(¥y)(0)t

2 mez, (F(¥)(m, O)cos(mt)—i—f(\p;l)(m) sin(mt))(cos(maz)+isin(mz))
= ao + apl + ez, ((am — ibn)cos(mt)(cos(ma) + isin(mz))

+ Zmezﬂ)(%)Sin(mlﬁ))(cos(mw) + isin(mz))

- a0+a6t+zmez¢o amcos(mx)cos(mt)+zmez¢o by sin(max)cos(mt)
+ Zmezﬂ) %cos(mx}sin(mt) + Zmezﬂ %sin(maz)sin(mt}

= aotagt+2), c5  amcos(mx)cos(mt)+23_ - bysin(mz)cos(mt)
+2 ez, %cos(mx)sin(mt} +2 ez, %sm(mx)sm(mt)

as required. It is easily checked that the above series also defines
U € S(T') with the required properties, settling the existence question.

For the second part, {p, J} satisfy the continuity equation, by the
definition of J and the fundamental theorem of calculus. By inspection
of the series for ¥, it is clear that J € S(T"). Moreover;

P'(t)= [ %z t)da

—7m Ot

=" — % (x t)dx

—r Oz
=J(—m)—J(r)=0

so that P(t) = P(0) is constant. Differentiating under the integral
sign, using the fact that p satisfies the wave equation, and using the
fundamental theorem of calculus again, we have;
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aJ _ fx %p
—T

ot — a2

— [ _9%
—J-m 022
_ o o
- oz + Bm|_7r

If ¥y and \111 are symmetric, we have the above coefficients {b,,, b/}
are zero, and " expands as a series in sin(max). It follows that;

9 —0-

B_Z|—7r - O’

and;

8“’ = gg , so that, combined with the continuity equation, and the

fact that the partial derlvatlves commutes, we obtain that;

8%2J _ 0% . 9%p __ 9J

B2 — T drdt Ot 0x?

Moreover, a simple calculation, using the definition of J shows that;

p(x,t) = aptagt+2) . 2o amcos(mx)cos(mt)+23 - %cos(mx)sm(mt)

J(x,t) = —agm—agr+2) 0, 2o amsin(ma)sin(mt) =23 -, %sin(m:c)cos(mt)

O

Remarks 2.4. Observe that in the case of the wave equation, the so-
lutions are bounded backwards in time, that is there exists a constant
Cy, such that |V(z,t")| < Cy, for all ' < t. This is an important
consideration when we come to discuss the radiation condition behind
Jefimenko’s equations.

3. EXTENDING CHARGE AND CURRENT

Lemma 3.1. Let {¥,J} be as in Lemma 2.3, and S(1) C z = 0 be
the circle of radius 1, centred at (0,0,0) then, if p is defined on S(1) by;

p(1,0,t) =V(0,t), for 0 € [—m, )

and J is any smooth extension to the annulus Ann(1,¢), 0 < e <1,
of K, defined on S(1) by,
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K(1,0,t) = J(0,t)(—sin(d), cos(#),0)

then {p, J} satisfy the continuity equation;
% 1 div(J) =0

on S(1).

Proof. Using Lemma 2.3, it is sufficient to prove that, for —7 < 6 < 7,
te RZO;

div(J)| w004 = J'(0,1), (*)

Omitting the t for ease of notation, and letting J = (J())... we have
that;

div(—J(0)sin(0), J(6)cos(0),0)

We have;

g (—J(0)sin(0))

= —(%sin(0) + J(0)2512)

= —(J'(0)%¢sin(0) + J(Q)g—z), (asr =1 and sin(0) = £ = y)
= —(J'(0)sin(0)22), as g—z =0

= —(J"(0)sin(0) — y)

= J'(0)sin(0)y

(as 6 =tan~'(¥) and 2% = 1;7’;2 = oz =y, withr =1)
Similarly;

5 (J(0)cos(6))

= (%2 cos(0) + J(0) 252
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It follows that;
div(—J(8)sin(6), J(8)cos(6), 0)
= J(0)sin(0)y + J'(0)cos(6)x
= J'(0)(sin2(0) + cos2(0))

=J'(9)

24y

—*— =z, with r = 1)

(as © = rcos(f) = cos(0), x = rsin(f) = sin(f), when r = 1)

Lemma 3.2. Let D(1) be the closed punctured disc, with radius 1, and
let p on D(1) be constant, then any smooth circular flow, with velocity

v(r) = @é;

J(r,t) = w(r)(—sin(0), cos(0))

satisfies the continuity equation.

Conversely, any smooth circular flow, {p,J}, independent of time,
satisfying the continuity equation, requires the density to depend only
on 1, with an equivalent flow {1, J}, obtained with constant density 1,

by changing the velocity from v to pv, where J = pv.

Proof. We have that %f =0, and;

div(J) = d(=w(r)sin(®) | d(w(r)cos(9))

ox dy
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- _%Si”(e) - wa&g—’ﬁ” + é;—1;’003(9) + w_acgz(e)
= —w'(r)§Esin(f) — wasg—”;‘e) + w'(r)g—;cos(e) + w_acgz(a)

= —w'(r)%sin(0) — w(r)(zsin(B)cos(®)) w'(r)%cos(0)

T

(sin(0)cos(0)) (1)

T

— —w!(r)cos(0)sin(0) — Lel=sinl@eos®) (1) sin(6)cos(0)

r

—w(r)

(sin(0)cos(0)) -0

—w(r) ===
with & = rcos(0), y = rsin(0)
Conversely, suppose that div(.J) = 0, with;

J(r,0,t) = p(r,0)(—sin(0), cos(0))

Then;

O(—p(r,0)sin(0)) A(p(r,0)cos(0))
. ox + s oy

. Osin (6
= —%sm(&) —p Bz( )

1Using;

& = %21: T = T T = z
T @) @)z T
& = %21/ T = Y T = Yy
W @y @4y T

with r = (22 + y2)2.

and with = tan™'(%);

0 _ —y_ 1 -y
693 Z2 1+(E)2 (w2+y2) 7’2

T

20 _ 1 1 _ T _ x _ rcos(8) _ cos(f)
Oy — x14+(2)2 T (224y2) T 2 T 2 T
dsin(0) 90 —cos(6)sin(0)

5. = cos(0) 5> =
dcos(0) _ 86 —sin(0)cos(0)

oy~ = sin(6) By -
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—i—g—Zcos(@) + pacoaz(e)

0,
= (5255 + 55 55)sin(0)

—sin(6)cos(0
(e

dp Or 0
+(5 5, + 56 9,)cos(9)

+p( —sin(0)cos(0) )

r

: —sin(¥ 0
(using footnote 1, 2 = %(), g—z = %())

Therefore;
div(J) = (a—pg— + %3—2)003(0)
—(

It follows that;

°”|%’
g
S

2o 2699 sin(0)

div(J)

= %’%cos(@) + %2—3008(9)

— %22 5in(0) — 289 sin(0)

(with y = rsin(f) and « = rcos(f), using footnote 1 again; 9= =

cos(8), gi =4 = sin(0))

Hence;
div(J)

= (%sin(9)cos(0) + 8”%@)

—(a—fsin(ﬁ)cos(O) + ap sin (6))

r

0
~ g0
If r £0, 2 55 = 0, s0 p is independent of 6.

IH



SOME ARGUMENTS FOR THE WAVE EQUATION IN QUANTUM THEORY 31

Lemma 3.3. Let {V, J} be as in Lemma 3.1, with ¥ non constant and
independent of time, then any extension {p, J} of {¥, J} to Ann(1,¢€),
0 < e < 1 which satisfies the continuity equation is not a circular flow.

Proof. By Lemma 3.2, any circular flow satisfying the continuity equa-
tion on Ann(1,¢€) has a density p, depending only on r. In particular,

p|s(1y is constant, contradicting the hypothesis.
O

Lemma 3.4. Determination of flows for density independent of time
Suppose that p(0,1) is smooth and independent of time on the annu-
lus, defined by;

Ann(l,€6,0) ={(0,r): —mn <O <m1—e<r<1+0}

with smooth J(0, 1), satisfying the continuity equation, and;
JO,r) = (J1(0,7), J2(0,7))

— w1 (0, )7 + ws(6,7)8

Then for a given e >0, 1 —e < rg <1+ 46, smooth boundary condi-
tion g. on S(1 —€), and smooth wy on Ann(1,¢€,0), we obtain that;

rowy(ro, o) = L= 6)91 — f 8w200

and, for e =§ =0, on the D(0,1), smooth wy on D(0, 1), with;

Ows 61 Ows 02

lim,_o — B0 lim,_o — 90

for all {61,0,} C [—m, 7). with we obtain that, for ro # 0;

1 (7o _ w0
wl(To,Qo):; 0 —3122 d

and wy(0,0) = —wy(0,0)

with w, continuous.

Proof. Suppose that p(,r) is smooth and independent of time on the
annulus, defined by;

Ann(l,e,0) ={(0,r): =7 <O <m1l—-0<r<1l+¢}
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with smooth J(6, r), satisfying the continuity equation, and;
JO,r) = (Ji(0,7), J2(0,7))
— Wi (0, 7)F + w3(0,7)0
where 7 = (cos(6), sin(6)) and g = (—sin(f), cos(0))
It follows that;
J(O,7)
= wi(8,7)(cos(0), sin(0)) + wa(0,r)(—sin(f), cos(0))
= (wycos(0) — wesin(0), wysin(0) + wycos(6))
We have, using the hypotheses, that;
div(J) =% =0
We have that;

% — 85”1 cos(0) + wy _a(cgi(e))

0 i () — qp, A0

= %005(9) +wy — sin(0)

— 202 5in () — wacos(0) =L

= %cos(6) + wl—“ﬁ(f)y

85“2 sin(0) + wsy —Cosr(f)y

%_J; = 85';1 sin(0) + w; sin(9))

—i—aa“; cos(8) + wsy —(6068(9))

= 88—“;131'71(9) + wycos(0)5
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+8a—“;2005(9) + wy — sin(0) 5

= %igin(h) + wycos(0) 5

=%
—i—aa—“;cos(G) - wQSmT#
Therefore;

div(J)

= grad(wy) «7 + "3 (g « flip(F))
+grad(ws) . 0 + “ (w5 - flip(F)), (+)

where 75 = (sin(0), cos(0)), we = (cos(0), —sin(#)), and flip(F) =
(y, )

We find {a, £} such that;

ol + 37 = w5

This is equivalent to finding {«, 5} such that;
Myvo 5 = vg

where (My)12 = (Mp)21 = cos(f) and (Mp)11 = —(Mp)ao = —sin(6).
and T, 5 = (o, ).

We have;

oy = My '7g

= =57 —cowry NoTo

= —(sin?(0) — cos?(0), —2sin(0)cos(0))
= (cos(20), sin(20))

where;

(N@)LQ = (Ng)g’l = —008(0) and (NG)I,I = —(Ng)gg = sm(ﬁ)
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It follows that o = cos(26), f = sin(20). Similarly, we find {«, 5}
such that;

af + BT = wy
Again, this is equivalent to finding {c, 8} such that;

MQUQ,B = U)_g
We have;

JRE— J P—
Vo, = MG We

1 Nywg

= Ten? (0)—cos?(0)

= —(2sin(0)cos(0), —cos*(0) + sin*(0))

= (—sin(26), cos(20))
It follows that o = sin(26), 5 = cos(26). Substituting in (x), we

obtain;

div(J)
= grad(wy) .7 + % (cos(20)0 + sin(20)7) . flip(F)

+grad(ws) « 9+ 92 (—sin(20)0 + cos(20)F) « flip(T)
= (grad(wy) + 4 flip(F)sin(20) + “3 flip(F)cos(20)) . T
+((grad(wy) — %3 flip(7)sin(20) + %3 flip(7)cos(20)) . é, (xx)
We have that 7 = 77 and determine {a, 8} such that flip(F) =
af + pr
Similarly to the above, we obtain;

Va,B
= —(rsin?(0) — rcos?(0), —2rsin(6)cos(0))
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= (rcos(20), rsin(26))
= (rcos(20), rsin(20))

so that a = rcos(20), f = rsin(20), and flip(T) = rcos(QH)é—i-
rsin(20)7

Substituting into (), and using the fact that {7,#} are orthonor-
mal, we obtain;

div(J)

= (grad(wy) + (220 4 w2cz;(20))(7“008(29)§ + rsin(20)F)) . 7

r2

(grad(wy) + (22220 4 w1e0s@0)y (1-065(20)0 41510 (20)T)) .é, (%% %)
_ grad(wl) .%_'_ ((wlsin(Qil)rsin(QO) + (wgcos(Qi)Q)rsin@@)) + grad(wg) .g +

(wicos(20))rcos(20)  (wasin(20))rcos(20)
( r2 r2 )

Writing;
grad(w,) = aT + 65
grad(wy) = T + 50

with o = grad(w;) .7 and 6 = grad(w,) . é, we obtain from (x * x)

and div(J) = 0 that;
a+o=="

= =L (k)

We have that;
o = grad(wy) .7

= %cos(6) + %Sin(@),

A

d = grad(ws) « 0



16 TRISTRAM DE PIRO

=22 _ gin() + 88—“;003(0) (3 % % % %)

We have, using the calculations for {22 2% 9r '9r} " from the previ-

8z Oy’ Bz’ By
ous lemma, and the chain rule;

Odw; __ Ow; —sin(H) Owq
dz o + grcos(0)

M _ 8w1 608(9) 6w1
e = G5 T Fesin(0)

Qwy __ dwy —sin(0) 3w2
dz o~ T pcos(f)

Do D) | 9 cin(9), (w0

It follows from (x % % x) and (  * * %) that;

o = (G =m0 1 B cos(9))cos(6) + (%2 + B sin(6))sin(6)

J = (% _ST(Q) + %2c05(0)) — sin(0) + (% COST( )+ 92 sin(0))cos(6)

Simplifying and substituting into (* % %), we obtain;

oy 10—

and rearranging;
B = -2
Fixing 0y and multiplying by p(6y, ), we obtain;

p(r, o)™ 4 p(r, ) w? = —p(r, ) 22"

Letting s(r,6y) = p(r, 0o)r, (1)
we have that;

[s(r, Op)w (r, 00)]

= §'(r,00)wy + swi(r,bp)

so, equating coefficients, we require;
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S/<T7 90) = p(ﬁ 90)7 (—H-)
Using (1), (11), and, assuming p(r,0y) # 0, we obtain;

s'(rf0) _ 1
s(r,0o) T

In(s(r,00)) = In(r) + d(6o)

and, taking exponentials;

s(r,00) = A(0o)r

where A(6y) = e¥%)

[A(80)r* ™ s (1, 00))' = —p(r, 00) 22"
where p(r, 6p) = A(6o)

Integrating, and using the fundamental theorem of calculus, we ob-
tain that;

[A(Op)rwn (r, 0], = [7°. —A(6g) 222 dy

T Jl—e

Case 1; For a given €,0 > 0, and 1 — e < rg < 1 + 9, we obtain that;

rowy (ro, Bo) — (1 — )wy (1 — ¢, 0p) = [1° —2w2% gy

so free to choose a smooth ws on Ann(e, d, 1) and a smooth boundary
condition for w; on S*(1 — €), to obtain wy.

Case 2; Letting e = 1,5 = 0, and, assuming w; is defined at (0, 0),
we must have that, for rq > 0;

0
T’Owl(’l“o,eg) = fOTO —% OdT

By L’Hopital’s rule, the fact that 7(0) = 0, a(0) = 0, where a(r) =

IN — 22 3,7 and the Fundamental Theorem of Calculus, a'(0) = —222(0,0),

0 o0
we have that;

] 1 (ro _ 3wyt
lZTnTO_}O’!‘o 0 o0 d
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_ ()
/(0
10 0
= =% (0)
so defining w;(0,0) = —wy(0,0) generates a continuous solution,
provided lim, o — 22" = lim, o — 22 for all {6;,0,} C [, 7),

this is true if wy is analytic in (x,y), (2)
U

Remarks 3.5. It follows we are free to choose a smooth wy on Ann(e, 1)
and a smooth boundary condition for wy on S*(1 — €), to obtain w,
so we are free to choose a smooth wy on D(0, 1), to obtain a smooth w .

Lemma 3.6. Given {¥,J} as in Lemma 2.3, 0 < € < 1 and nota-
tion as in Lemma 3.1, there exists a smooth pair (py,J) supported on
Ann(1,€) x (—¢,€), such that (p1,J) satisfies the continuity equation
in R® x Rwg and pi|sixqoy = p, J]s1xq0y = K.

1
Proof. Let ®.(r) =e 1*(7:721)2, ifre (1—¢€1+¢) and ®(r) = 0 other-
wise, r > 0, then @, is smooth on R+, and supported on (1 —¢€, 1 +¢).

2In this case, we can write;

m, n

wa,p(,y) = 300 g ws™™ (0,0) 2L

so that;

) o Zoo w(m n) (O O) rcos(0)"rsin(6)"

wg(’/‘,a - m,n=0 mln!

(m n) (0 0) rcos(0)"rsin(6)" )

- llmr_m fO m,n= oW m!n!

= 300 o WS (0, 0) iy g (L [y T O rain(0)”

0 mlin!

_ Efno,nzo wém,n) (0, O)(TCOS(G);L,:LS,Z”(Q )|7 0
= 'IUQJ« (0, 0)

for all A, using the fundamental theorem of calculus again.

General case, need to check higher derivatives and use the product rule.
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1

Let @1 .(2) =e "2, if 2 € (—¢,¢) and @, (2) = 0 otherwise, z € R,
then ®; . is smooth on R and supported on (—¢, ¢€). Define (p;, J) on
R? x R~o by;

p1(1,0,1) = B, (1)p(1,0,1) = D, (1)U (6, )

forr > 0,0 € [-m,7),t >0

p1(0,0,8) =0, >0

J(r,0,t) = ®(r)K(1,0,t) = ®(r)J(0,t)(—sin(0, cos(8,0)

forr > 0,0 € [-m,m),t >0

J(0,0,t) =0,t>0

Then, using Lemma 3.1 and the facts that, for any given r» > 0,
P (r)¥(0,t) and ®(r).J(0,t) satisfy the conditions of Lemma 2.3, we

have that (p, J) satisfy the continuity equation on R? x R, (f). Now
define (p1,J) on R3 x R+ by;

p1(r,0,2,t) = Oy (2)p1(r,0,1)
forr>0,0 € [—m,m),z € R, t >0
p1(0,0,2,t) =0, z € R,t >0
J(r,0,2,t) = @ (2)J(r,0,1)
forr>0,0 € [—m,m),z € R, t >0
J(0,0,2,t) =0, 2z€ R,t >0

Clearly, (p1,J) is supported on Ann(l,e€) x (—€,¢€), and if 7_ =
(71,72, J3), we have that j3(x,y, z,t) = 0, so that % =0and v.J =
%—1—%—?, (11). By (1), we have that, for any z € R, (®1.(2)p1(r,0,t), Py (2)J(1,0,1))
satisfies the continuity equation on R? x R~g, so combining the result

with (1), we obtain that (p1,J) satisfies the continuity equation on
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O

Remarks 3.7. If we require the pair (py, J) to be real analytic, we can

replace @ (1) by P on(r) = e_(t;) Lifr >0, and D1 by Py an(z) =

e~ 2, if 2 € R, in the proof, leaving (py, J) to be undefined at (0,0, z,t),
forzeR,t>0.

4. THE NO RADIATION CONDITION

We consider the charge density p on S(1), defined as in Lemma 3.1,
with corresponding current K, which we also denote by ./, coming from
the wave equation, so that {p, J} satisfy the continuity equation;

% 4 div(J) =0

on S(1), for small extensions of {p, J}.

In [4], it was shown that one then obtain an electromagnetic solution
(p, J, E, B), satisfying Maxwell’s equations, given by the Jefimenko

Equations;

EF,t) =2 f[ p(r’, tr)_+ p(r tr) J(?;,tr)]dT,

47eqg cet

(7, 1) = o [0t JOTt) o (%)

47 ct

sl

K
\\

f‘il>

where t = |[F—17|, , t, = t—7, 7' is the measure with respect

—T‘

?\
4\‘

to the integrand variable r

We determine the conditions on {p, J} for which the no radiation
condition holds, that is;

lim, oo P(r) =0

where P(r) = [g,( (E x B).dS(r) and {E, B} are these (causal)
fields, see [1 ]

Lemma 4.1. Let (p, J) be solutions to the three dimensional wave equa-
tions with velocity c, the connecting relation, with velocity ¢, and the
continuity equation;
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D?p=0, 12T =0

5 _
LF+v.J=0

_ where (02 denotes the d’Alembertian operator. Then for any solutions
(E, B), such that (p, J, E B) satisfy Mazwell’s equations, in particular
for the causal solutions (E, B) given by Jefimenko’s equation, we have
that,

?E=0,0°B=0

and, the same result holds for the transformed current and charge,
(ps,Js), in every inertial frame S.

Proof. By the proof in [4], we can find a pair (E,B) in the base
frame, with [(J2E = 0, and B = 0, (), such that (p,

Maxwell’s equations. If (', B') is any pair such that (
isfy Maxwell’s equations, then, taking the difference, (0,0, E E ,B—

F/) is a vacuum solution to Maxwell’s equations, so that, see [1];

B
J,
P,

XE—-E)=0,0)B-B)=0
From (%), we obtain that;
[°E' =0,B =0

as well. The last claim follows from the above proof and the results
in [4].

O

Remarks 4.2. We conjecture that,

For any {p, J} satisfying the conditions from Lemma 4.1, and corre-
sponding causal {E, B} from Jefimenko’s equations, that {E, B} satis-
fies the no radiation condition iff {E + Ey, B + By} satisfies the no
radiation condition, for any corresponding pair {Ey, By}, satisfying
Mazwell’s equations in vacuum.
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In this case, as B = 0, we obtain for the causal fields (E/,E/) from

Lemma 4.1, that they satisfy the no radiation condition, and the same
s true in every inertial frame S.

Lemma 4.3. Keeping the order in (x) and writing;
E(T,t) = E\(T,t) + Ea(T,t) + E3(T, t)
B(7,t) = B1(T,t) + Ba(T, )

we have that;

limy oo P(1) = lim, 00 fs(r) (Ey x By + B3 x By).dS(r)

Proof. We have that;
E X EZ (El —FEQ —|—E3) X (El —|—§2)
A simple calculation shows that, as ¢ > 1, that for |[F| > 1, 7| € S3(r);

maz.s o1 (|pl (r =t )| | (8 st—tr

= oD )
|Ev X Bilre < e Joi [ : D) dfde

< 47T2 o maxsy, 3/551 (‘pl(ﬁvt_t"‘)‘jl(yvt_t"‘))
— 1672¢g (7"71)4

|E1 X §2| < Mo m‘””?f,g/esl(\pI(T’:t*tr)\J\(S’:t*tr))d9d¢

1672¢g (r—1)3

< 471'2 Lo max?’g’esl(‘pl(ﬁvt_t’f)‘jl(gvt_t’f))
— 1672¢g (r—1)3

— — - | (r! s t—t) T | (s st—tr
1o max,«/yslesl(‘pl(r b t”) 3 T
|E2 X Bl‘ S ].671'260 (7,71)3

D d0ds

< 42 _Ho ma%/,g/esl(\P|(ﬁ7tftr)\j|(?7t—tr))
— 1672¢g (rfl)d

o mazF,,g,Esl(\7|(F,t7t,~)|j|(?,t7t7~
1672¢g (r—1)3

By x Bi| < D aode

< 47T2 o maxF/,glesl (‘jl(ﬁvt_'tT')lj‘(yvt_tT'))
— 1672¢g (r,1)3

It follows that, for r > 1;
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max(|f33( E1XBl dS |f33 1XBQ dS |f33 QXBl dS |f53(r E3X

B1).dS(r)])

= max |fS3 (r) F1XBl)_ﬁ ( | |f5'3( E1XBQ TLdS | |f33 EQX
).adS(r)], |fs3 E3 x By).ndS(r)])

< max fsg |E1 X B |dS | fsg El X BQ |dS fsg E2 X
|dS fsg E3 X Bl>|dS( )|)

< Josry(maz(|Ey x Bi|(F,t), |[Ey x By|(T,t),|Ez x Bi|(7,t),|E; x
By|(7,1)))dS(r)

Area(5(S3(r — T— —
< 42 A0S s e (| (7 t— 1) [T(5', =t ol (7 £~

)Tt — )] [t = [Tt = 1), [T = t)|[T(F = 1))

= e DT T AT 5

tr)‘7|p( 7 - 7")||J( 7 - r>|7"]<r7 - T)|’J<<§/7t_t7‘))|)

= C(r,t — t,), with lim,_,,,C(r,t —t,) = 0, for t € R, given the

assumption that lim;_, _somazzes (|p|, 9], [J], |J)|x7t < D,with D € R,
see remark 2.4.
It follows that, for t € R

lim, oo P (1, 1)
— limyroe [y (B x B)(7.1).dS(r)
= lzmr_wo fsg(r) (EQ X EQ + E3 X EQ)(F, t)dg(’l“)

as required.
O

Lemma 4.4. Let p(x,t) = cos(mx)cos(mt), J(z,t) = sin(mx)sin(mt),
forme Z>0,x€[—mm),teR, with corresponding p(0,t) and;

J(0,t) = J(0)(—sin(0), cos(#),0)

with § € [, 7). Let E,, and B,, be the causal fields determined by
Jefimenko’s equations, then, if m is even;
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1 1
P(r,t) = 57m2[—3m2(mt)0032(m(r2++)7) — cosQ(mt)sinQ(m—(r2tl)§)

1”21% r21%
e Jcos(m =)

+2sin(mt)cos(mt)sin(m

[e.e] o0 _ s—1 m (71)wm2w+1
Zw:O Zw':() Zsﬁm,s,odd,s’ﬁm,s’,odd( 1) ? Cs (2w+1)!(r2+1)w+%

cos(m

1 s'=1 cm (71)“’/1712“’,+1 2w+2w'+5 0] 1
(== (2w’+1)!(7‘2+1)w’+%r Cou s,5"m (F)

and, if m s odd;

3 1
P(r,t) = Bym?[—cos?*(mt)cos*(m (thl)Q) _ Sin2(mt)5m2(m(72t1)2 )

1
—2sin(mt)cos(mt) sin(mm—lp)cos(m

: @uty

s—1 (_l)w 2w s'—1
ZSUOZO Zzou?:() ngm,s,odd,s’gm,s’,odd(_1) 2 C;n (2w)!(r2nj—1)w (_1) ?
/

!
m_(=1)Y mY oyt 2uw/+3 1
s (2w’)‘(r2+1)w/ r dwvw,757sl7m + O(;)

Proof. We have that;

E —T,’t’”)%] dr’

EQ(F’t) = j‘[p(ct

4meo

where;

T = (z,y,2), r' = (cos(0, sin(6),0)

7T —1' = (v — cos(0),y — sin(d), 2)

v=[F—7| = (2 + 12 + 22 + 1 — 2zcos(0) — 2ysin(f))2

= (12 + 1 — 2zcos(0) — 2ysin(0))z

(F—r7) _ (a:—cos(@)7y—5in(e)vz)
T (IQ+y2+z2+1—2xcos(9)—2y3in(9))%

p(0,t) = —mcos(mB)sin(mt)

E2(F’ t) 1 f7r —mcos(m@)sin(mt,) (LU — COS(G), Y — 87,7?,(9), Z)de

" dmepc J—7 (r2+1—2zcos(0)—2ysin(0))

7 —mcos(mb)sin(m(t—7)) .
- 47T€()C(1’r‘2+1) f,ﬂ- (172zcos(9)272ysin(9)) (x - 008(9)7 y - 8@”(0), Z)de
*Z)
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++1) ST —mcos(m@)sin(m(t—=))(z—cos(0), y—sin(0), z)do+

= 4mege(r
O(;z)

= m f:r —mecos(mb)[sin(mt)cos(m?)—cos(mt)sin(mz)|(z,y, z)d0+
O(;z)

= —4;2?(7;&”;% ffﬂ cos(mb)cos(m?*)(x,y, z)do

4 _meos(mt) f_ﬂﬂ cos(mb)sin(m?)(x,y, z)do + O(T%)

dmegc(r?+1)

Observe that, using Taylor expansions;

1 .
COS(??’LE) _ cos(m (7“24;1)? (1 + ICOS(Z)Q—:_ylS”L(G))) + O(%)

macos(0)+mysin(6)

(r2+1)7 (r2+1)7
Cc ) (7’2+1)% Cc )

macos(0)+mysin(6) )
(r241)2

= cos(m cos( )—sin(m sin(

o(;)

1 .
sin(m) = sin(m L (1 4 2@ y) 4 o(1)

maxcos(6)+mysin(6) (r2+1) 3y maxcos(6)+mysin(6)
( (r2+41)2 )+cos(m Jsin( (r2+41)2 )

= sin(m

o(;)

1
2 1)2
2e0by o,

so that;

1

5 1

E Ft) = —msin(mt)cos(m%)
Q(T’ ) o 4dmepc(r?+1)

™ macos(0)+mysin(0)
J7_cos(mB)cos( Y )@, y,2)do
msin(mt) szn(m@)
dmegc(r?+1)

™ . rmaxcos(0)+mysin(6)
J7cos(mB)sin( Y )z, y,2)do
mcos(mt) szn(m@)

47reoc(r2+1) fjﬂ_ COS(me)COS( mCECOS(Q)'meSiTL(@) )(I7 v, Z)de

(r241)2

1
5 1
mcos(mt)cos(m W )

dmegc(r?+1)
(%)

We have that;

T . rmzcos(f)+mysin(6) 1
ffﬂ cos(mb)sin( Y )(z,y, 2)d0+0(-3)

cos(mb) = Re((cos(0) + isin(6))™)
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= ngm,s,even(_ 1) % C;ncosm—s (H)SZTZS (9)

macos(0)+mysin(6)
( (r2+1)% )

o 0o (=1)Ym2¥(zcos(0)+ysin(9))>®
- Zw:O (2w)!(r2+1)%l”

CcoS

:ZOO l)w 2w Z2w CQw 2w— UCOSQwi’U(Q)vaiTLv(Q)

w=0 ( 2u))' r2+1

maxcos(6)+mysin(6) )
(r2+1)7

sin(

_ Zoo (—=1)*m?>? 1 (zcos(0)+ysin(0))?w+1
w=0 (Qut1)!(r2+1)“+3

(—1)wm2uw+1 Z2w+1 Crotlp2wtl=veog2wtl=v(0)yv 5in? ()

_ZwO

so that;

(2w+1)!(r241) w3

(7‘2+1)% )

= /— —msin(mt)cos(m-—_ 00 m (= 2w W 2 —1 . v )
EQ(T7t) = 4dmepc(r?+1) Zw:O ngm,s,even( ) CS Wz CQ 2 y <x7y7,<

I cos™5(6)sin®(0)cos* = (0) sin® (0)db

™

1
5 1
msin(mt)sin(m D2 2wl

c ) oo _ E m (_
dmege(ri+1) Zw:O Zsﬁm,s,even( 1) 205 (2w+1)!(r 2+1)w+2

Z2w+1 OQw—l—l 2w—+1— fuyfu(x Y, 2
[T _cos™*(0)sin®(0)cos®™ 1 (0) sin® (6)db

2 1
m('r +1)2) ’LU 2

mcos(mt)sin( - 00 s w 2w
+ 47reoc(r2+1) Zw:O ngm,s,even(_l) 2Cs (Qw 2+1)w Z CQw 2w Uy (.T, Y, Z)

J7_cos™#(0)sin®(0)cos®™ " (0)sin ()db

1
2
mcos(mt)cos(m % )

B (_1)w 2w+1
dmege(ri+1) w=0 ngm,s,even(

)2 Cs (2w+1) ( 2+1)w+§

J7_cos™#(0)sin®(0)cos™ =0 (0)sin® (0)dO + O(%)

ZQerl C2w+1x2w+1 vyv(x Y, 2
' Y

We recall the result that;

Ig - ffﬂ COSO‘(Q)Sinﬁ(Q)dQ — wa!B!

2051 (U D),

fora >0, 8> 0, a and 3 even.
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I? = 0 otherwise
Applying the result in this case, we obtain;

if m is even, then;

(r2t1)%)

By (1) = e 3 0 S cmsenen (1RO
o 0w even CRUT Y (2, y, 2) I35
mCOS(mt)sin(m@) © 3 (—1)iCm (=1)*“m**
dmege(ri+1) w=0 £us<m,s,even s (2w)l(r2+1)w
S o meven C2o My (2, y, ) ISEY 4 O(F) (%)
if m is odd, then;
. . r2 5
EQ <F’ t) - msm(T;izZ?("gl-&-(l)%ﬂ) §=O ngm,é’,even<_1)%csm (Zwtll))!i:::ij)tJr%

2w+l 2w+1,.2w+1-v, v s+wv
Zv:O,v,even Cv T Yy (l’, Y, 2)12w+1+m—s—u

1
(m D)

mcos(mt)cos(m-—_—-"— 0 S m (1) wm2etl
— 2
—'I_ 47T€()C(7‘2+1) Zw:O ngm,s,euen( 1) Cg (2w+1)'(T2+1)w+%

Z2w+1 02w+1$2w+1_vyv('xa Y, Z)Igztil-&-m—s—v + O(rl?) <* * *)

v=0,v,even v

We have that;

Ey(r,1) = 55 [ 125 dr

47eq c%t

J(0,t) = msin(mb)cos(mt)(—sin(8), cos(d),0)

Es(rt) = —5 [T msin(mé)cos(mtr) (—sin(0), cos(d),0)dbd

1
4megc? J—m (r2+1—2zcos(0)—2ysin(9))2

o -1 7 msin(mb)cos(m(t—7)) e
o 47reoc2(r2+1)% f_ﬂ' (1_%)% ( S’L?’L(Q), 005(0)7 O)dg
= ———— [T _msin(mb)cos(m(t—1))(—sin(f), cos(6),0)dd+O(%)

4dmepc?(r?+1)2

= ————— [T msin(mb)[cos(mt)cos(m*)+sin(mt)sin(m?*)|(—sin(0), cos(0),0)do+

4dmegc?(r2+1)2

O(zz)
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:LS(W)f:rsm(me)cos(mi)(—sinw),003(9)>0)d9

4#6002(r2+1)%
____ msin(mt) T . . YRS 1
(s} I7_sin(m@)sin(mt)(—sin(6), cos(9),0)dd + O(=5)
o fmcos(mt)cos(m(r2+1)%) T macos(0)+mysin(0)\, -
a 47T€0C2(T'2+1)% ffﬂ' Sm(mQ)cos( (r2+1)% )( SZTL(Q)’ 608(8)7 O)de

mcos(mt)sin(m(errl)%) T . rmaxcos(0)+mysin(0)\, -
e VL) i )i (22D i (0), cos(6), 0)d8

ms%n(mt)szn(m(r +1)2) . macos(8)+mysin(6) o
dreoc2(r211) 2 J 7 sin(mb)cos( o7+ )(—sin(6), cos(8),0)do

_ msin(mt)cos(m(r>+1) 2) . . maxcos()+mysin()\ /-
dmegc?(r2+1)2 3 f Sln(m0)81n< (r2+1)% )( SWZ(@), COS(@), O)de—l—

O(F) (xxxx)
We have that;
sin(mf) = Im((cos(0) + isin(6))™)
= ecmsoaa(—1) T C'cos™ = (0)sin* (6)

so that;

(T2tl)%)

= = __ —mcos(mt)cos(m
E3(T7 t) - 47r50c2(7'2+1)1

SR CRwgRe—vyy J7_(—sin(0), cos(0),0)cos™*(0)sin®(0)cos* () sin* (6)db

1)
w=0 ngm,s,odd( ) C;n(g(w)l(T_H)

1
2
mcos(mt)sin(m(r 7:1)7) s=1 oy (—1)wm2wt!
s

0o _
47‘(‘6002(7‘2+1)1 Zw:O ZSSW,S,Odd(_l) 2 C

Sopwit Crettgutlovge [T (_sin(6), cos(f), 0)cos™*(6) sin®(0)cos? 17 () sin® (6)df

1
Qu+1)!(r24+1)* T2

1
2
msin(mt)sin(m“ +l1)§) ywm2w
p— C

C’m_

00
47r6002(r2+1)1 Zw:O ngm,s,odd( ) T—I—l)

Son, Crug2emvye [T (—sin(6), cos(6), 0)cos™ *(0)sin®(0)cos* " (0)sin® (0)df

2,5
(T+)) m2w+1
C

l(r2+1)w+ b

msin(mt)cos(m

s—1 (

> O™

S

ZZ)O:O ZsSm,s,odd(_l) (2wt

Sopit retlgutlovge [T (_sin(6), cos(8), 0)cos™*(6) sin®(0)cos? 177 () sin® (0)df+
O(;%)

r2

DY
)

T
dmegc(r24+1)2



SOME ARGUMENTS FOR THE WAVE EQUATION IN QUANTUM THEORY 29

It follows that;

for m even;

1
2
(r +cl>j) s—1 (_l)wm2w+1

= /— __, mcos(mt)sin(m 00 _ —1 ym
E3<T’, t) =+ 47r5002(r2+1)% Zw:O ZsSm,s,odd( 1) 2 CS (2w+1)!(7’2+1)w+%

2w+l 2w+1 . 2w+1—v, v fots+tl 2w+1 2w+1,.2w+1—v, v TU+s
(_ Zv Ovevenc [2w+1+m v— 8721} OvoddC Zz 12w+2+m v— 570)

1
2
. msin(mt)cos(m(r tl)? )

s—1 (_1)wm2w+1

Zw:O Zsﬁm,s,odd(_1> 2 Cs (2w+1)!(r2+1)w+%

2w+l 2w+1 . 2w+1—v, v Tu+s+1 2w+1 2w+1,.2w+1—v, v TU+s
(_ Zv OUevenC T [2w+1+m v— s’Zv Ovoddc Z I2w+2+m v— 370)+

T
dmegc(r24+1)2

for m odd;

Eg(?, t) _ —mcos(mt)cos(m

(7‘24;1)%)

m 1)
w=0 ngm,s,odd( ) Cs (Q(wI(T_H)

T
4dmepc?(r?+1)2
2w 2w 2w v, v TU+s+1 2w 2w 2w v, v JU+s
(_ Zv Ovevenc Yy IZw-‘rm v— s’Zv O'L)oddc [2w+1+m v— 870)
<r2+1)%
msin(mt)sin(m-—_—-) ZOO Z ( ) Cm _1)wmlw
47r6002(7’2+1)% w=0 £vs<m,s,odd 2w) r2+1)
2w 2w 0. 2w—v, v v+s+1 2w 2w . 2w—v, v U+s
(_ Zv Ovevenc IQw—‘rm v— s’Zv Ovoddc [2w+1+m v— 570)+

We have that;

By(7,t) = 10 [[L00) 5 Tar (%)

(—sin(0), cos(0),0) x (x — cos(0),y — sin(0), z)

= (cos(0)z, sin(0)z, —sin(0)(y — sin(0) — cos(0)(z — cos(0)))

o) ™ msin(mé)cos(mt, . .
B (T t) 47rc -7 (7"2+1—21§cos?0)—(2yii7)1(9)) <COS(0)Z7 Sln(9)27 —82n<6) (Z/

—sin(0) — cos(0)(x — cos(0))))do (x)
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=l main(mA)cos(mit—)) (cos(0)z, sin(0)z, —sin(0)y—cos(8)x)do+

47I'C(T‘2+1) (1 2zcos(0) 2y51n(9))

23 1)
O(%)

= m f msin(mt)cos(m(t — 7))(cos(0)z, sin(0)z, —sin(f)y —
cos(0)z)df + O()
= tomeos(mt) J7_sin(mb)cos(mt))(cos(0)z, sin(0)z, —sin(0)y—cos(0)x)do

4me(r2+1)

+%§SZ§) ST sin(mb)sin(m?))(cos(0)z, sin(0)z, —sin(0)y—cos(0)x)do+

O(;z)

1 .
= tomeos(imileos(m+DF) [ sin(m8)cos ("< (cos (6)z, sin(6) =, —sin(0)y—

cos(0)z)do

_uomcos(mt)sin(m(r2+1)%) T . rmacos(0)+mysin(0) . ok N
T2 D) J7_sin(mb)sin( vy )(cos(0)z, sin(0)z, —sin(0)y

cos(6)x)do

. . 1 .
+”Omszn(zl72ffgg)(r2+l) ) f:r sm(mQ)CoS(mzcoi(i):gfsm(e) )(cos(0)z, sin(0)z, —sin(6)y—
r 2

cos(0)z)do

1 .
—l—”omsm(ﬁszfﬁ)wﬂ)g) I Sin(m&)sin(mxco‘s((i):gggsm(e) )(cos(0)z, sin(0)z, —sin(0)y—

cos(0)z)d0 + O(=5) (s % % * % * )

(et 2
) oo ) m=

Cm_

s (2w)!( r2+1)

__ pomcos(mt)cos(m

o 4me(r2+1) w=0 ngm,spdd( )

Z C2w 2w— vy f 2coS 9)7 zsin(e), —ysz’n(@) — 1‘608(9))

cos™5(0)sin®(0)cos® =V (0)sin®(0)db

1

. (r241)2
pomeos(mt)sin(m-——-——) 00 s=1
o 4me(r2+1) Zw:O ngm,s,odd(_l) 2 Os

Sopit Crettgtutlovge [T (2c0s(9), zsin(f), —ysin(0) — zcos(0))

v

(_1)wm2’w+l

1
Quw+1)!(r24+1)* T2

cos™%(0)sin®(0)cos® T 7v(0)sin®(0)dO
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1
2
pomsin(mt)sin(m %)

m 1)
+ dme(r2+1) w=0 ngm,s,odd( ) Cs (2(111—24-1)“’

SR Crog2evye [T (2c0s(0), zsin(6), —ysin(0) — zcos(0))
cos™5(0)sin®(0)cos® =V (0)sin"(0)db

1
2412
uomsin(mt)cos(mﬁ) 00 s=L oy (—1)wm2wtl
< E E — 2
+ 4dme(r2+1) w=0 sgm,s,odd( 1) Cg (2w+1)!(r2+1)w+%

Sopit Crettgtutlovge [T (2cos(9), zsin(6), —ysin(0) — zcos(0))

cos™ % (0)sin®(0)cos* 1=V ()sin® (0)df + O(%)
It follows that;

for m even;

1
(r241)2

— _ pomcos(mt)sin(m-"——==) 00 =1y (—1)Wm2etl
BQ(T’ t) - dme(r?+1) Zw:O ngm,s,odd(_D 2 Cs (2w1)! (r2+1)w+2

2w+1 2wl p2wtl—v, v, F+v 2w+1 2w+1 ,.2w+1—v, v, 7s+v+1
(Zv OvoddC Y 212w+2+m—v—s7Zv:07v7eyen0 Z Z]2w+1+m v—s)
2w+l 2w+1 . 2w+1—v v+1 s+v+1 2w+1 2w+1,.2w+2—v, v T5+V
_Zv OvevenC T [2w+1+m v—8 Zv Ovoddc Z 12w+2+m v— s)
1
9 4
_’_Nosin(mt)cos(m(r t1)2) 0o Z ( 1)351 cm (—1)wm2wtl
dme(r?+1) w=0 s<m,s,odd s (2w+1)!(r2+1)w+%
2w+1 2w+l 2w t1—v, v, F5+v 2w+1 2w+ p2w+l—v, v, rstotl
(Z’U OUOddC y Z]2w+2+m—U—S7ZU_OvevenC ZIQw—i—l—l—m v—S8)
2w+l 2w+1 . 2w+1—v v+1 s+v+1 2w+1 2w+1,.2w+2—v, v TS+v
_Zv Ovevenc [2w+1+m v—8 Ev OvoddC z 12w+2+m v— s>+
and for m odd;
(mt)eos(mle?£02 )
pomeos(mt)cos(m-——_ —— ) m (—1)¥m2v
B (7’ t) 4me(r2+1) Zw:(] ngm,s,odd( ) CS 2w)'(7"2+1)
2w 2w ). 2w—v s+v 2w 2w 7. 2w—v s+v+1
(Zv OvoddC Y ’ZIQerler v— s?Zv Oyevenc Yy z[2w+mfvfs7

o 2w 2w v v+1 s+v+1 o 2w 2w+1 —v, v 7s+v
zv Oveveno I2w+m v—s Zv OvoddC I2w+1+m v— S)
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1
2
uosin(mt)sin(m%)

+ 4dme(r?+1) Zz;o:o ngm,s,odd<_1)

s—1 m (_l)wm2w+1
= O G

2w 2w 0. 2w—v v s+wv 2w 2w . 2w—v v s+u+1
(Zv OvoddC [2w+1+m v— S’ZU—OU&’UCHC IQw—‘rm v—s8)

2w 2w v, v+1 rs+v+1 2w 2w+1 —v,,v 75tV
_Zv Oz}evenC Y [ 2w+m—v—s Zv OvoddC Yy [2w+l+m v— s)+

We now compute the Poynting vectors FEy X By and E3 X By in the
cases when m is even and m is odd. If m is even, by (x) and (k%) we
have that;

— S —
EQ,e = EZ,e + EZ,@

1
= _amsin(mt)cos(m(r%r%)?)F + Ozmcos(mt)sin(m—(rztl)? )r

where a = and;

1
4drepc(ri+1)

T maxcos(0)+mysin(6)
I'= [ cos(mf)cos( Y Wz, y, z)db

If m is even, by (s s s s sk ), (5 s % s % s k)
- -
B2:€:B276+B2,6

1
= —5mcos(mt)sm(m(r2++ﬁ)F’+ﬁmsin(mt)cos(m(T 1) )F’—l—O(%)

T

where § = and;

4mc r2+1

= [T sin(m@)sin(mstf?:ggsm(e))(cos(@)z, sin(f)z, —sin(6)y —
cos(8)z)do

It follows that;
EZ,e X §2,e
=Ty, % By, + By, x By, + By, x By, + By, x By, +O(%)

1 1
= aBmQSin(mt)cos(mt)sm(mWTl)z)cos(mMTlV)F x I
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—afm2cos?(mt)sin? (mZH2 H) )T x I
—aﬁmgsinQ(mt)COSQ(m(r +1)2 )T x I
+aﬁm23in(mt)cos(mt)sin(m@)cos(m(T )2 )T xI"+ O(5)

(r2t1)% ) (7«%;1)% )

= afm?[—sin®(mt)cos*(m — cos*(mt)sin®(m

+25in(mt)cos(mt)sin(m@)cos(mm)]F x I+ O(5)

Similarly, by (k  sk), (* % % * x);

ES,@ = E;e + E;,e

= vmcos(mt)sin(m@)r” — vmsin(mt)cos(m@)f‘” +0(%)
1

where v = ——— and;
4dmepc?(r2+1)2

=" sz’n(me)sm(mxcoi(i):f;gsm(e))(—Sin(Q),cos(@),O)d@
If m is even, it follows that;

E3,e X EQ,@

=By, x By, + By x By, + By x By + By, x By, + O(5)

1
= —ﬁ’ym%os%mi)sin%m@)f‘” x T

Nl

—(r2tl) )cos(m—(r2t1)%)F” x I’

+Bym?sin(mt)cos(mt)sin(m
1 1

+B’ym2sin(mt)cos(mt)sm(m(ru%)?)cos(m(r U2 5 T

—ﬁfym2sin2(mt)0052(m(r )2 )" x I" 4+ O(5)

(2+1)2 P+t

= Bym?[—sin?(mt)cos*(m ) — cos®(mt)sin®(m

1 1
+2sin(mt)cos(mt)sin(m“2++)j)cos(m(r%%)j)]f‘” x T+ O(%)
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If m is odd, by (%) and (x * %) we have that;
By =B+ By + OE)

r

1
= amsm(mt)sin(mﬁz%)?)lﬁ” + amcos(mt)cos(m =t +1) I

no__ [T . rmaxcos(0)+mysin(6)
where I = [ cos(m#)sin( o) )z, y,z)do

If m is odd, by (x s s s s s ), (5 % % sk % % % % %);

Bao =B+ Byy+ O()

= /BmCOS(mt)COS(m@)F””+Bmsin(mt)sin(m@)I‘””—{—O(Tiz)
where;

=" sm(m@)cos(mzcoi(i)::;ysm(g))(003(9)2, sin(0)z, —sin(0)y —
cos(0)x)do

It follows that;

Ez,o X Ez,o

=Fyox Byt By x Byyt Eyy % By + By x By + O()
= ozﬁm%z’n(mt)cos(mt)sm(m@)cos(m@)lﬂ” x "
+aBm?cos®(mt)cos?(m—-= (r H)% ST x T
+aﬂm23in2(mt)sinZ(m@)F”’ x
+aﬁm23in(mt)cos(mt)Sm(m@)cos(m o2yt )T x I+ O()
= afim? [0082(mt)6082(m@) + sinQ(mt)sinQ(m@)

1 1
+25in(mt)cos(mt)sm(m“2++)2)cos(m(r%rTl)Q)]I’”’ x I + O(5)

Similarly, by (s % sk), (% % % % %%);
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— B —t
Eso=FE;,+ E3,

1 1
= —vymcos(mt)cos(m~"—"—== (Gihs L3 +1)2 ST — ymsin(mt)sin(m~—2= 2402 +1)2 IS

O(;z)

where;

= [T sm(m@)cos(mxcos((:’;):gzsm(g))(—sin(@),cos(@),O)dQ
If m is odd, it follows that;

Es,o X EQ,O

=E3,x By + By, x Byy + By, x By + By, x By, + O()
= —ﬁym%os%mt)cos%m@)F’”” x T
—5’ym2sin(mt)cos(mt)sin(m@)cos(m@)ﬁ”” x "
—67m2sin(mt)cos(mt)sz’n(m@)cos(m(T 1) %)I’”’” x "
—ﬁvmzsinz(mt)sinz(m(r )2 )T x T 4+ O(5)

(7"24;1)% ) (r2+c1)% )

= Bym?|—cos?(mt)cos*(m — sin?(mt)sin?(m

1 1
—2sin(mt)cos(mt)sin(m(r2++)2)cos(m(r%rTl)z)]F””’ x I + O(5)

We compute I' X IV, By (#%) and ( * * % * % *x), we have that;

1w 2w

I'= ZZJO:O ngm,s,even( ) C;n(g(w—Q_H)w
Zzwo v,even C2w 2w vyv (l’, Y, Z)[2w+mfsfv,s+v

! o0 . s—1 m (71)wm2w+1
I" = Zw:O ngm,s,odd( 1) 2 Cs (2w+1)!(r2+1)w+%

2w+1 2wt p2w+1-v Yz s+v 2w+1 2w+1 . 2w+1— vy stv+1
(Zv OUOddC ]2w+2+m v— s?Zy Ovevenc IQw—l—l—l—m v—8?
N 2wHl 2w+1,.2w+1—v v+1 s+v+1 2w+1 2w+1,.2w+2—v, v T5+V

Zv OvevenC €z [2w+1+m v—8 Zv OvoddC Z 12w+2+m v— s)
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so that;

FXF/ = ZZ}OZO ZTUC;ZD ngm,s,even,s’gm,s’,odd(_1)%O;n%(_1>S/;l ?(Zw(/:rll);(/:;iuil;;t-r%

(_ Zzlzub%:)u,;tin,v =0,v’,even CQwCQw +1$2w+2w oo yv+v +2[§$}i}-m s— vls;#illt—lm—v’—#

. ZQU} 2w’ +1 L C2w02w +1 2w+2w +2—v—0’ v—l—v +1IS+U IS/J/rP/ .
v=0,v,even,v’=0,v’,0dd 2w+m—s—v " 2w +2—m—v'—s

- Ziiiz}:e—zin,v =0,v’,even 02w02w ! 2w+2w v v+v’22]252)-1m78 1)]2sw+i1+1m vl —s"

+ 212}1:01)271:7;;7” o even O2wc«2w +1 . 2wt2w'+2—v—v yv+v +1I§$j—m . U[sw—&-j_l—:_lm e

+ Ziw[)%;)vetin ,0'=0,v",0dd C2w02w +1$2w+2w o ’U+’U I2s1j}_}|)-m 5— 111281/11—”_-1;—/24—771—11’—5’

+ Z?}wo&:e—;in v'=0,v’,0dd CQwCQW +1x2w+2w oo yU—H) 2]’281Jgim78 UIQSer—z&)-Q—&-m vl —s")

+ Zzigzj,,e:}m,v =0,v/,even C’2w 02w i 2w+2w e U I;;;im S— U128w+il—tr1m v'—s'

. ZinZz;;;(lm o0 odd C2w02w +1.20+2w'+1—v—v yv+v +1 Iég:}_—?;—m . vlgiu—i’—i;—i-m—v’—s’)

(1)

By (* * * % *), we have that;

F” = ZZ?:O Zsﬁm,s,odd(_l) “’;1 C;n (2w(;11)),1:7:_2:;;+%

(_ Ziwgri cven 02w+1$2w+1 v v[;)j}-i-{im o Ziwéi odd O2w+1x2w+1—v Ulgu—t—f-%-m e 0)

It follows that;

I x I’

s—1 —1)w 2w+1 "_1
= quozo ijzo ngm,s,odd,s'gm,s',odd(_1) E cy =L r(—1) B

(2w+1)!(r241)v 2

(71)11/ 2w’+1

c
(2w’+1)! (r2+1)

2w+1,2w'+1 Qw41 2w +1, 2w+2w' +2—v—v' , v+v'+1 Tstv s'+v'+1
(_ Zv:O,U,odd,v’ZO,v’,even C Cv’ z Y ]2w+2+m s— vj2w '+14+m—o’
. 2w+1,2w'+1 Qw41 2w 41, 2w+2w +3—v—v' ) v+’ Ts+v s'+v’
p It wioddw' =047 0dd Co Oyt T Y Ly o ym—s—olow o —m—v—s
2w+1,2w'+1 2w41 2w’ +1 ) 2w+2w +2—v—0' ) v4v'+1 Fs+v+1 s'+v'+1
- Zv:O,v,even,v =0,v/,even C C T ) I2w+1+m s— vIQw '+14+m—v'—s’
. Z2w+1 2w +1 02w+102w +1 202w +3—v—v' vto’ [sfutl ]s’+v’
v=0,v,even,v’=0,v’ ,odd Y 2Qw+14+m—s—v " 2w’ +24+m—v’'—s'
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2w+1,2w'+1 Qw41 2w +1, 2w42w +2—v—v ) v’ TsHu+1 s’ v’ +1

o Zv:O,v,even,v’:O,v’,even CU CU' x Y Z[2w+1+m—s—v[2w’+1+m—v’—s’
2w+1,2w'+1 2w+1 2w +1, 2w+2w +2—v—v' , v+’ Tstutl s’

- Zv:O,v,odd,v’:O,v’,odd Cv Cv’ z Y Zl2w+1++mfsfvI2w/+2+mfv/7s/)

(1)

We now compute the flux of the Poynting vectors over the sphere
S(r). We have that x = rsin(¢)cos(0), y = rsin(¢)sin(0), z = rcos(¢)
with coordinates 0 < ¢ < m and —7 < 6 < m. We have that;

roxre = (rcos(d)cos(6), reos(d)sin(8), —rsin($))x (—rsin(¢)sin(8), rsin()cos(d),0)
= 1%(sin*(¢)cos(0), sin*(¢)sin(0), sin(¢)cos(¢)

so that;

05 = 7dS = r2(sin®(6)cos(0), sin(6)sin(8), sin(d)cos())dodd

and;

Jo(T % T") 0 dS

= Jo ST (U X ") |rsin(o)cos(8) rsin(o)sin(8),reos(9)) » T° (sin*(d)cos(6),

sin?(¢)sin(0), sin(p)cos(¢)dOdg

Applying this to (1) gives;

Jom (T x ") . dS

! /
o 00 00 1\ & vm (—1)wm?2w i s'—1 m (=)W m2w +1
— T 550 Smucnonw cmaaad - DO g () P Oy

(_ Z2’w,2w’+1 C2w02w’+1ls+v Is’—i—v’—i—l
v/

v=0,v,even,v’'=0,v" ,even v 2w+m—s—v 2w +1+m—v’'—s’

fgﬂ— fﬂ' r2w+2w'+58in2w+2w’+5(¢)6052w+2w’+2—v—v’ (9)Sinv+v’+2(6)d9d¢

—T

. ZQw,Qw’—‘rl CQwCQw’JrlIerv IS/+'U/
v/

v=0,v,even,v’=0,v',odd ~v 2w+m—s—v" 2w’ +2—m—v’' —s’

f(]ﬂ- fj r2w+2w’+58in2w+2w’+5(¢)6082w+2w’+37v7v’ (Q)Sianrv’Jrl (9)d0d¢

s

_ ZZw,Zw'+1 O2w C«Qw’-{-l Is-i-v ]s’-l—v’-i—l
v/

v=0,v,even,v’'=0,v" ,even ~v 2w+m—s—v 2w’ +1—-m—v'—s’
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foﬂ' fi"ﬂ— T2w+2w/+58in2w+2w/+30082(¢)COS2w+2w/+2_U_UI (9)82'”1)—4-1/ ((9)d9d¢

2 2 / 1 / ! !
4 2 w,2w’+ C2wC3/w +1[s+v IS +v'+1

v=0,v,even,v’'=0,v" ,even ~v 2w+m—s—v= 2w’ +14+m—v’—s’

foﬂ fﬂ T2w+2w’+58in2w+2w’+5 (¢)0082w+2w’+2—v—v’ (9) Sinv+v’+2 (Q)deqb

—T

2w, 2w’ +1 2w’ +1 !
+> CroCzw sty LY

v=0,v,even,v’=0,v’ 0dd 2w+m—s—v " 2w +24+m—v’' —s’

f()ﬂ— fﬂ' r2w+2w’+58in2w+2w/+5 (¢)6082w+2w’+3—1}—v’ (9) Sinv—l—’u/—l-l (0)d9d¢

-

2w, 2w’ +1 2w 2w +1 7s+v s'+v’
+ ZUZO,v,even,v’:O,v/,odd Cv Cv’ 12w+m—s—v[2w’+2+m—v’—s’

foﬂ fﬂ T2w+2w’+5sin2w+2w’+3 (¢)0052 (¢)0082w+2w’+1—v—v’ (9) Sinv—i—v’—i—l (Q)ded(b

—T

2w,2 ! 1 ! / /
+ Z w,2w" + C2w03/w +lls+v IS +o'+1

v=0,v,even,v’'=0,v" ,even ~v 2w+m—s—v= 2w’ +14+m—v’—s’
f()ﬂ— f_ﬂ'ﬂ— r2w+2w’+5sin2w+2w/+3(¢)COSQ(¢)Cos2w+2w’+2707v’ (e)sz'nlﬂrv’ (9)d9d¢

2w,2w’+1 2w 2w +1 7s+v s’ v’
- Zv:O,v,even,v’:O,v’,odd Cv Cv’ [2w+m—s—v[2w’+2+m—v’—s’

fOW f” T2w+2w,+55i’n2w+2w,+3(¢)COSQ(¢)COSQw+2w/+1_U_v/ (0)Sinv+v’+1 (9)d9d¢

—T

(F17)

An inspection of (111) shows that the terms 1 and 4, 2 and 5, 3 and
7, and 6 and 8 cancel. This proves that;

Jo (T xT) . dS =0
Applying the same method to (11), we have that;

Jom (@ xT") . dS

s’ —1

—_ s—1 (_l)w 2w+1 s'—1
_ZEJO:O 23:0 ngm,s,odd,s’gm,s’,odd(_1) 2 C?(2w+1)!(g+1)w+% (_1) 2 O:;L

_ Z2w+1,2w'+1 C2w+102w’+1 s+v ]s’-l—v’-i—l
v=0,v,0dd,v’=0,v’ ,even ~v v’ 2w+2+m—s—v 2w +1+m—v’'—s’

fOW fjﬂ r2w+2w’+58in2w+2w/+5(¢)0052w+2w’+3—v—fu’ (9)8iﬂv+v/+1 ((9)d9d¢

. 22w+1,2w’+1 02w+102w’+1]s+v Is’Jrv’
v=0,v,0dd,v’=0,v’ ,0odd ~'v v’ 2w+2+m—s—v" 2w +2—m—v'—s’

(_1)w/m2wl+1

Qu/+1)1(r2+ 1)@ +3
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foﬂ' fﬂ' r2w+2w’+58in2w+2w/+5(¢)6052w+2w’+4—1}—v’ (e)sznv—l—v ( )d9d¢

—T

. Z2w+1 2w’ +1 C2w+1 CQw +1Is+v+1 [s’+v’+1
v=0,v,even,v’=0,v" ,even 2w+1+m—s—v " 2w/ +1+m—v’—s’

foﬂ fﬂ T2w+2w’+58in2w+2w’+5 (¢)0082w+2w’+2—v—v’ (9) Sinv+v’+2 (Q)deqb

—T

. ZZerl 2w’ +1 C2w+102w +1]s+v+1 Is ' o’
v=0,v,even,v’'=0,v" odd 2w+1l4+m—s—v " 2w’ +2+m—v’—s’

f()ﬂ— fﬂ' r2w+2w’+58in2w+2w/+5(¢)6082w+2w’+3—1}—v’ (Q)Sin”“/“ (0)d9d¢

—T

. ZQw—i—l 2w +1 O2w+1 CQw +1Is+v+1 [s’Jr’v’Jrl
v=0,v,even,v’=0,v’ ,even 2w+1+m—s—v " 2w/ +1+m—v’—s’

foﬂ' fﬂ' T2w+2w’+5sin2w+2w’+3(¢)0052(¢)0082w+2w’+2—v—v’ (Q)Sinv—i-v’ (8)d¢9d¢

-7

. 2w+1,2w'+1 2w—+1 2w +1 rs+v+1 s’ +v’
zv 0,v,0dd,v’=0,v",0dd O C I2w+1++m s— vIQw '424+m—v'—g’ )

f()ﬂ— fﬂ' r2w+2w’+5sin2w+2w/+3(¢)COSQ(¢)Cos2w+2w’+2707v’ (e)sz'nlﬂrv’ (9)d9d¢

—T

(F171)

Using the notation I? again, and letting;

2w+1(v71)|2

Jy = 7—,2 = foﬂ sin?(p)do
for v odd, we obtain that;
Jop (" x ') . dS

o (e ¢] s—1 (_1)wm2w+1
= — 1 2 m
Zw:O Zw’:O ngm,s,odd,s/gm,s/,odd( ) Cs (2w+1)!(r2+1)w+%

’ !
(C1)%F om0 N s
5w+ 1)(r2+1)Y 132

2w+1,2w'+1 2w+1 2w +1 7s+v s'+v'+1 v4v'+1
(_ Zv =0,v,0dd,v'=0,v" ,even C C I2w+2+m 5— v‘[2w’+1+m7v’ .
. Z2w+l 2w’ +1 02w+1c2w —|—1]s+'u ]s’—i-v’ ]v-i-v
v=0,v,0dd,v'=0,v’ ,odd 2w424+m—s—v " 2w +2—m—v' —s' T 2w+2w’' +4—v—2’
_ Z2w+172w'+1 C2w+1 CQw +1stutl [s "o’ +1 Iv+v +2
v=0,v,even,v’=0,v" even 2w+1—|—m s—v 2w +14+m—v'—s’

2w+1,2w'+1 Qw41 2w 41 7stv+1 s'+o’ v+v'+1
- Zv =0,v,even,v’=0,v’ ,odd C C [2w+1+m s— v[2w’+2+m—v’ I

2w+2w’' +3—v—v’ J2w+2w’+5

s Jowt2u+5

2w+2w'+2—v— U’J2w+2w/+5

2w—+2w’ +3—v—v’ J2w+2w’+5
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2w+1,2w'+1 2w—+1 2w +1 ps+u+1 s'+u'+1 v+’
- szo,v,even,v =0,v’ ,even C C IZw-i—l-i—m s— v[2w’+1+m—v’—s’ 2w+2w’+2—fu—v’(J2w+2w'+3_
Jow+2u+5)
2w+1,2w’+1 2w—+1 2w’ +1 s+v+1 s+’ v+’
- Zv =0,v,0dd,v'=0,v" ,odd cy O 2w+1++m sl 2w/ +24+m—v' — I2w+2w '+2—v—’ (‘]2w+2w/+3_
J2w+2w +5))
s—1 (_l)wm2w+1

= 2210:0 23:0 ngm,s,odd,s’gm,s’,odd(_1) 2 C;n

/ /
(1) O T it
5 QuH)I(r2+1)Y 2

QuA1)I(r24+1)"F2

Cw,w',s,s"m
where we have abbreviated the term in brackets to ¢y 5,5 m < 0.
We compute I x I, By (% % %) and ( *  * % % % % %);
"no__ e _1\E,m
P = 2 im0 Zssmeven (=12 C QuA1)I(r24+1)"+2

2w+l 2w+1 p2wtl—v, v s+v
Zv 0,v,even O Y (l‘, Ys Z)]2w+1+mfsf'u

(71)wm2w+1

and;
nmo__ 00 521~y (=1)Ym?®
"= Zw:O Esgm,s,odd<_1) 2 Ly Qu)l(F2+1)®
2w 2w 2w v s+v 2w 2w Qw v, v TStHv+1
(Zv =0,v,0dd C Y ZIQw-i—l-i—m v—8? Zv =0,v,even C Yy z[2u)+m—v—s7

o 2w Qw v v+1 s+v+1 2w 2w+1 —v, v 7s+v
zv 0,v, eveno I2w+m v—s Zy OvoddC I2w+1+m v— s)

so that;

111 "o oo oo _ N\Egovm (=1
I = S S50 B s s )

wm2w+1 (_1)3/;1 m (_l)w/m2w
s (2w (r24-1)w’

(_ 22w+1,2w’ C2w+1 CZw 242w’ +1—v—2' ) v+’ +2Is+v I8 "o’ +1
v=0,v,even,v’'=0,v’ even ) 2w+1+m—s—v " 2w’ +m—v’—s’

. 22w+1 2w’ 02w+102w 2w+2w' +2—v—v' ) v+’ +1 [5+v [s’+v’
v=0,v,even,v’=0,v’ ,odd Y 2w+1+m—s—v " 2w/ +1+m—v'—s’

. 2w+1,2w’ 2w+1 12w’ 2w+2w +1—v—0' U—HJ' 2 75+v s'+u'+1
Zv =0,v,even,v’=0,v’ ,even C C z ]2w+1+mfs v]2w '+m—v'—s"

2w+1,2w’ 2w+1 2w’ . 2w+2w' +2—v—v’ ) v+u' +1 7s+v s'+v'+1
+szo,v,even,v’:(),v’,evenC Cv’ T Yy 12w+1+m s— vIQw ! 4m—v—s'

2w+1,2w’ 2w+1 12w’ 2w+2w’+3fva’ v+’ Fs+v s’
+ Zv 0,v,even,v’'=0,v’,0dd C C ) I2w+1+m s— v]2w '+14+m—v'—s’
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2w+1,2w’ 2w—+1 2w’ 2w+2w’+l—v—v' v+’ stv s'+v’

+ Zv 0,v,even,v’=0,v",0dd O C Yy Z [2w+1+m s— UIQw '+14+m—v'—s")
2w+1,2w’ 2w+1 2w 2w+2w +2—v—2' v s+v s'+v'+1

+ Z”U 0,v,even,v’=0,0v" ,even C C 12w+1+m S— UIZw '+m—v’

. Zzw‘f'l 2w’ 02w+102w 22w’ +1—v—o', v+v'+1 Is—l-'u IS "o’ )
v=0,v,even,v’'=0,v" odd Y 2w+1+m—s—v* 2w’ +14+m—o’

(FTH7)

Integrating (11111), we obtain;

fS(T)(F/// % F””) \ d§

= ZEJO:O sz:o ngm,s,even,s’gm,s’,odd(_ ]‘) 2 C’;TL —

(Qut1)(r241)"* 2 (-1

/ ’
)s—lom _ wm2w

(2w’ '(r2+1)

wm2w+1

(_ ZZerl,Zw’ C2w+1c¢ s+v IS "o’ +1

v=0,v,even,v’=0,v" even 2w+1+m s—v 2w +m—v'—s’

fOW f” r2w+2w’+5szn2w+2w +5(¢)0052w+2w'+2—’u—’0’ (9)8iﬂv+v/+2(9)d9d¢

-

_ ZQw—i—l 2w’ 02w+102w [S+U IS "o’

v=0,v,even,v’=0,v’ ,odd 2w+1l4+m—s—v " 2w +1+m—v’

foﬂ fﬂ r2w+2w’+58Zn2w+2w +5(¢)0082w+2w’+3—v—v' (Q)Sln”"‘“ +1 ( )d@dqb

—T

_ 22w+172w' C2w+1c« 5t Is "o’ +1

v=0,v,even,v’'=0,v’ even 2w+1+m s—v" 2w +m—v'—s’

foﬂ' fﬂ' r2w+2w’+58in2w+2w/+30052(¢)Cos2w+2w/+2—v—v’ (Q)Sinv—l-v/ (9)(19(1@5

-

2 1,2
+ 2 w+1,2w’ C2w+102w s+v IS "o’ +1

v=0,v,even,v’=0,v’ ,even 2w+1+m s—v" 2w +m—v’

f(]ﬂ- fﬂ' r2w+2w’+5sin2w+2w’+5(¢)0082w+2w’+2—v—v’ (Q)SZHU—H) +2( )d@dqb

—T

2w+1,2w’ 2w+1 12w’ s+v s+’
+ ZU 0,v,even,v’=0,v" ,odd C O 2w+1+m s— vj2w '+14+m—v'—s’

f()ﬂ— fﬂ' r2w+2w’+5szn2w+2w +5(¢)6082w+2w’+3—’u—v’ (Q)SZTLU—H) +1( )d9d¢

-

2w+1,2w’ 2w+l (2w’ s+ s+
+ Zv 0,v,even,v’=0,v",0dd C C 2w+1+m S— v[ ’+1+m v/

fOW f” T2w+2w’+552n2w+2w +3(¢)0082(¢)0082w+2w’+1—v—v’ (Q)S’LHU_H) +1< )d9d¢

—T

2 1,2w’
+ Z w+1,2w C2w+102w s+v 5 "+o' 41

v=0,v,even,v’=0,v’ even 2w+1+m s—v 2w’ +m—v'—s’

f(]ﬁ fﬂ' r2w+2w’+5sin2w+2w’+3(¢)COS2(¢)Cos2w+2w’+27v7v’ (e)sz'nlﬂrv’ (9)d9d¢

-
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- ZQw—i—l 2w’ 02w+102w Z—erv [S "o’

v=0,v,even,v’=0,v’ ,odd 2w+1+m—s—v* 2w/ +1+m—v’—s’

fOﬂ' fﬂ' T2w+2w’+5sin2w+2w’+3(¢)COSQ(¢)0082w+2w’+1—v—v’ (Q)Sinv—i-v’—i-l (9)d9d¢

-7

(F1TH7)

An inspection of (t1711T) shows that the terms 1 and 4, 2 and 5, 3
and 7, and 6 and 8 cancel again. This proves that;

Jop (X" x T") 0 dS =0
By ( * * * %), we have that;

00 s—1 m -1 wm2w
[ = szo ngm,s,odd(_]‘) 2 CS (2(11))|)(r—2+1)w

(_ ZQ’W 0210 2w—v vIU+S+1 ZQW C2w 2w—v v[’U+S O)

v=0,v,even 2w+m—v—s? v=0,v,0dd 2w+1l+m—v—s

It follows that;
F/l/// X F////

= Z?:O Z$:0 ngm,s,odd,s’gm,s’,odd( )

o 2w,2w’ 2w 2w’ 2w+2w’7v7v’ v+v'+1 7s+v s'+ov'+1
( Zv 0,v,0dd,v'=0,v" ,even O C Yy I2w+1+m s— v‘[2w ' +m—v'—

Cm (=nv ( )S‘lcm 1)“’,

s (2w) '(r2+1)

- Ziw()zz:odd v'=0,v",0dd C2w02w 2w+2w/+17v7v/varv/];Iil—&-m—s vISw—’——q&)—l —m—v'—s"
- Z?}Z:Ub%zu,;ven,v =0,v’,even 02w02’w 2wk vy y’U+'U +1[5:}‘i‘:;11 S§— UIQSw—i_iﬂtl v —s’

- Ziib%zj,;ven,v’:&v’,odd CQwCE}U/wa+2w/+1_U_UIyv—‘rv/ [2811:1;211*8 UIS ’+1+m v’

- ziib%zj,leven,v =0,v/,even CszQw 2wt 2w o= U 1287—1‘)_1;1 S— ’L)]§w+i7’—ni_1v

2w, 2w’ 2w 2w’ 2w+ 2w’ —v—v’ 'v s+v s+’
Zv 0,v,0dd,v'=0,v",0dd Cv Cv’ T 212w+1+m s— UI )

2w'+14+m—v'—s’
(FITttTT)

Integrating (17111171), we get that;

fs(r)(r///// % F”H) . d§
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= ZSUO:O ZZ)?:O ngm,s,odd,s/gm,s/,odd( )

2w, 2w’ 2w 2w’ 7s+v s'+v'+1
(_ Zv =0,v,0dd,v'=0,v" ,even C C ]2w+1+mfsfv*[2w’+m—v’—s’

m 1)71)/ ’LU/
> CF i

TP s (1)

s (2w)!(r2+1)w

foﬂ fﬂ r2w+2w’+38zn2w+2w +3(¢)6032w+2w’+1—v—u’ (Q)Slanrv +1 ( )d@dgb

—Tr

2w,2w’ 2w s+v s+’
- Zv =0,v,0dd,v’'=0,v" ,0odd C Cv 2w+1+m—s— UI 2w’ +1—m—v’—s’

foﬁ I r2w+2w’+38m2w+2w/+3(¢)COS2w+2w’+2—’U—’U'(G)Sin”+”/(0)d9d¢

—T

— ZQU’ 2w’ CchQw s+v+1 IS’+1}’+1
v=0,v,even,v’=0,v" ,even 2w+m s—v 2w’ +m—v'—s’

foﬂ fﬂ r2w+2w’+38Zn2w+2w +3(¢)6082w+2w’—v—v’ (Q)Szn”‘H’ +2< )d@dqb

—T

2w,2
_ Z w,2w’ C2wc s—|—v+1 ]s "+

v= Ovevenv’*Ov ;odd 2w+m s—v 2w +1+m—v'—s’

foﬂ' fﬂ' r2w+2w’+38in2w+2w/+3 (¢)6032w+2w’+1—1}—vl (0) S,L'nv—l—’u/—l-l (9)(19(1@5

—T

— 22“’ 2w’ CchQw Jstvtl v+l

v=0,v,even,v’=0,v" ,even 2w+m—s—v" 2w’ +m—v’—s’

f(]ﬂ fﬂ' T2w+2w,+?’8ln2w+2w +1 ((f))COSQ((ﬁ)COSQwJ’_Qva_UI (Q)SH’LU—H} ( )d9d¢

-7
2w,2

- va() :j)odd v'=0,v",0dd OZwC 251—1’)—}5}-1+m—8 ’U];w—’—il%»m v —g’ )

f()ﬂ— f_ﬂ'ﬂ— r2w+2w’+3sin2w+2w/+1 (¢)COSQ(¢)COSQw+2w/_U_v/ (Q)Sin’u—i-vl (9)d9d¢

(#)

= ZZ}OZO ZZ)?:O ngm,s,odd,s/gm,s/,odd( )

. 2w, 2w’ 2w 2w’ Ts+v s'4+v'+1 v4+v'41
( Zv =0,v,0dd,v’=0,v" ,even C C I2w+1+mfsfv12w’+m—v’ 12w+2w '41—v—v’ J2w+2w’+3

/ ’
m_(=1)* m2v 2w+2w’' 43
> OF e

3O ey (1)

s (2w)!(r2+1)w

2w, 2w’ 2w s+v s+’ v+’
- zv 0,v,0dd,v’=0,v’ ,0dd O C 2w+1+m—s vIQw '+1—m—v'—s' ]2w+2w/+27v7'u“]2w+2w/+3

. Z2w,2w’ C2w02w stv+1 ]s’—i—v’—i-l [v-i—v +2 J ,
UZO,U,C’I)GTL,’I)/:O,UI7€’I)€H 2w+m s—v 2w +m—v'—s' " 2w++2w’ —v—v’ 2w+2w'+3
_ N 2w, 2w 2w 2w’ 7s+v+1 s+’ vtv’+1
Zv =0,v,even,v’=0,v",0dd C Cv ]2w+m—8 UIQw '+1+m—v’ [2w+2w '+1—v—2’ J2’w+2wl+3

2w,2w’ 2w 2w’ s+v+1 s'+v'+1 v4v’
- Zv =0,v,even,v’=0,v’ even C C 2w+m s— vIQw’+m—v’—8’ 12w+2w’—v—v’ (J2w+2wl+1_

J2w+2w +3)



44 TRISTRAM DE PIRO

2w, 2w’ 2w 2w pstu s’ o’ v+’ _
- Zv =0,v,0dd,v'=0,v’ ,odd C Cv [2w+1+m s— v[2w '+1+m—v'—s’ )12w+2w —v—v <J2’w+2w'+1
J2w+2w +3))

o 00 00 m (=1)¥Ym?? 8’1

_szo Zw’:O ngm,s,odd,s’gm,s’,odd( ) Cs (Qw)l(r2+1) ( ]‘) 2
m — wlm2w/ 2w+2w’ +3

C 2uw)!(r2+1)w’ r dew,1578/7m

(1)

where again we have denoted the term in brackets by dy, v s.s/.m. We
conclude that, if m is even;

t) = [y (Bze X Bae) v dS + [g(Eze X Ba.) o dS

3 1
= Jm([aBm?| Sinz(mt)cosz(m("%%)?) — COSQ(mt)SMQ(m(T2J;1)2 )

2 3 r2 3 I
+23m(mt)cos(mt)sm(m@)cos(m%)]F x I' 4+ O(%)) . dS

1 1
+ fS(T)(&me[—st(mt)cosQ(mlep) - cosQ(mt)smz(mle)Q)

+28in(mt)cos(mt)sin(m(T2t1)§ )cos(mmTl)?)]F” xI'+0(%)).dS

1 1
= ﬁme[—sinZ(mt)COSQ(mmTl)z) — COSQ(mt)«S‘mQ(mMTI)Q)

i 1
+28in(mt)cos(mt)sm(m(r%+)2 (TZ‘FTU?)]

—1 —1)w 2w+1
2101)0:0 Zﬁ:o ngm,s,odd,s’gm,s’,odd(_1)52 C;n (L

1
(Quw+1)!(r241)% T2

242w’ +5 1
r Covav' s m + O(=
(2w/+1)!(r2+1)“’/+% w,w’,s,5",m (7’)

Jcos(m

(_1)w/m2w/+l

(-1
Similarly, if m is odd, we obtain that;

7,1) = [op (Bo X Bao) «dS + [4,)(Eso X Ba,) e dS
= [opr)(Bs0 % Bao) +dS

1 1
= Bym?[—cos?(mt)cos®(mTEL2) — sin?(mt)sin®(m TEU2)

i 1
—QSm(mt)cos(mt)sm(m(”%rTl)z)cos(m(’“%rTl)z)]
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o0 o0 s—1 m (_1)wm2w s'—1
Zw:O Zw’:[) ngm,s,odd,s/gm,s/,odd(_1) 2 CS Quw)!(r24+1)w (_1) 2

/ /
m_(=1)* m2v 2w+2w’+3 1
Cs (2w")!(r2+1)»’ r D s,5m + O(F)

Remarks 4.5. The previous result shows that a single standing wave
radiates, oscillating with time t and radius r. We look for a cancellation
by considering the other charge/current possibilities which satisfy the
wave equation. This is the subject of the next theorem.

Definition 4.6. We let;

p' = cos(mx)cos(mt), J' = sin(mz)sin(mt)

p* = cos(mx)sin(mt), J* = —sin(mzx)cos(mt)

p® = sin(mx)cos(mt), J*> = —cos(mz)sin(mt)

* = sin(mx)sin(mt), J* = cos(mx)cos(mt)

so that the corresponding pairs (p;,J;), for 1 < i < 4, satisfy the
continuity equation, and satisfy the prescription of Lemma 2.3.

We let E}C and B, for 1 < i < 4,2 <k < 3 be the corresponding
causal fields.

Lemma 4.7. For m even, we have that;
Sy (B x B)+dS =0
for 1 <i<j<4. Moreover;

Ei = (ymcos(mt)sin(m

1
WTD?) — ymsin(mt)cos(m

(r2+1)3 )4
1 1
Bl = (—ﬂmcos(mt)sm(mmTl)Q) + ﬂmsin(mt)cos(mm#))F’

1 1
EZ = (Vmsin(mt)sin(m@) + Vmcos(mt)cos(mMTl)g))F”

2,15 r241)3
B = —(Bmsin(mt)sin(m™—12) + Bmcos(mt)cos(m )T
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1 1
E3 = (—’ymcos(mt)sin(m(r%r%)?) + fymsin(mt)cos(m(rz’LTl)g))A”

1 1
(TQJFTD?) — Bmsin(mt)cos(m (T2t1)§ ))A!

B3 = (Smcos(mt)sin(m
1 1
Ei = (—’ymsin(mt)sm(m(r%%)j) - fymcos(mt)cos(m(r%%)j))A”
1 1
B3 = (5msin(mt)sin(m(r2++)7) + Bmcos(mt)cos(m(rz%)?))A’

where;

= [" sin(m@)sin(mees@rmysin®)y(o4(9) 2, sin()z, —sin(0)y —

(r2+1)2
cos(6)z)do

= [T sm(me)sm(m"j@jﬁ;gﬁ@'"(” )(—sin(6), cos(6), 0)do

A= [T cos(mQ)sm(mmos((i):ggsm(e))(003(0)2, sin(0)z, —sin(6)y —
cos(0)z)do

A= [T cos(me)sm(mxcoi<i>:§§8i"<"> )(—sin(6), cos(6),0)do

Proof. 1t is easy to see, replacing summations over even indices, with
odd indices, and vice versa, following the proof of the previous lemma,
and assuming m is even, that;

Ej =c(r,m,t)T, E2 = d(r,m,t)T

E3 =e(r,m,t)A, B3 = f(r,m,t)A

where;

o maxcos(0)+mysin(6)
I'= [" cos(mf)cos( ! Yz, y,z)do

Y maxzcos(6)+mysin()
A= [T sin(mb)cos( ! )(x,y,2)do
and {c,d, e, f} are parameters not depending on 0, z,y or z. A simi-
lar argument works for IV and A’ as in the statement of the lemma. It
is therefore sufficient to check that;
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Jom (@ xT") . dS

= [o(T x A') . dS

= f Str (A xT").dS

= f Sr (AxA).dS=0

The first case was checked in the previous lemma. The remaining
cases follow from the first case, by replacing even with odd summations
in both v and s when replacing I' by A, and, similarly, for the pair I

and A’ in v" and s’. For the remainder of the lemma, carefully follow
the calculation in the previous result, the details are left to the reader.

U

Lemma 4.8. For m even, we have that;
E3; x By =CI" x TV
E2 x B2 = CoI" x TV
E2Zx By =—C3I" x TV
E3 x B = —C3I" x I
E3 x By = C1A" x A’
E? x By = —Cy A" x A’
E$ x B = —C3A" x A
E3 x By = —C3A" x A
Ei x By = —C1A" x T
Fi x B = —ChA" x T
E3x By = C3A" x I

Ej x By = C3A" x T
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F3 x By = —CiT" x A’
E2 x By = —Col'" x A’
E3 x By = O3 x A
EZ x By = C5I" x A
where;
(r2+1)%

1
C, = vaQ(—COSZ(mt)sinQ(m(rhrTl)Q)+2$in(mt)cos(mt)sm(m—)cos(m

(r2+1)2 )—
1 & C
sin?(mt)cos? (m(rHTl)?))

—2$in(mt)cos(mt)sm(m@)cos(m

1 1
Cy = ﬁ’me(—sinQ(mt)sin%m(ruTm) (TQJFTW)—

1”21%
(t) ))

cos®(mt)cos*(m

2 1
MTlﬁ) —Sin(mt)cos(mt)co(s?(m(”%%ﬁ) _

7‘21% r21%
(J(r:)) (J(r:)))

Cs = Bym?(cos(mt)sin(mt)sin*(m

1 1
sin? (mt)sin(m“ﬂﬂTl)j)cos(m(T%Tl)j)—i—cos2 (mt)sin(m cos(m

Proof. The proof is a simple calculation, using the result of the previous
lemma.

[l

Lemma 4.9. There exists a family (p, J) satisfying the continuity equa-
tion, with corresponding (p, J) satisfying the wave equation, such that
for the solution (p,J, E,B) satisfying Mazwell’s equations, obtained
from Jefimenko’s equations, for any r > 0, ftH% P(r,t)dt = O(%),
where ftH% P(r,t)dt is the power radiated in a cycle, from a sphere
S(r) of radius r. In particularly, we have that;

limy oo [T P(r,t)dt = 0
so the no radiation condition holds over a cycle.
The family is obtained by setting any three of {ay,as,a3,a4} C R

to be equal, with the fourth having the reverse sign, and letting p =
aipr + azpa + azps + asps, J = arJy + asJy + azJz + agJy.
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Proof. We consider linear combinations a;p; + asps + asps + asps and
a1 Ji + asJo + asJs + agJy , where {ay, as,a3,as} are real scalars. Let
{Emm combs Bm.comp} denote the resulting fields obtained from Jefimenko’s
equations. We have, by linearity, that;

4 .

EZ,m,comb = Zi:l E%
E =y Ei
3,m,comb — Zi:l 3
B ->! B
2,m,comb — ZZ:]. 2

and computing the power radiated through a sphere of radius r, us-
ing lemmas 4.7 and 4.8;

P(Tv t) = fs(r)(Em,comb X Bm,comb) .dS + O(%)
= fS(r)((EQ,m,CO’mb + E3,m,comb) X B2,m,comb) . d? + O(%)

- fS(r) (EQ,m,comb X BQ,m,comb) . d? + fS(?") <E3,m,comb X B2,m,comb) . dg +
o(;)

= Di o1 @iy [o (Eyx BY)wdS+ 30, asa; [g, (B x B3).dS+O0(})
= Zij:l aia;j [g,(E5 X Bj).dS +0(%)

= (a1C) + a3Cy — 2a1a2C5) fS(T)(F” x I'").dS

(0301 + a3Cy — 2a304Cy) [y, (A" x AY) . dS

+(—a1a3C — aza4Cs + (azaz + ayay)Cs) fS(T)(A” xI").dS
+(—ar1a3Cy — aza4C5 + (ara4 + azaz)Cs) fs(r)(l“” x A').dS + O(%)

We note the identities;

1 1 1
Ci+Cy = ﬁymz(—cosz(mt)sinQ(m(T%Tl)Q)+28in(mt)cos(mt)Sin(m—(TQtl)2 )cos(m—(TQtD2

1
sm2(mt)0052(m(r%r+)2))
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(r241)? (r241)? (Pinty

[

+Bym?(—sin*(mt)sin*(m

1
cos®(mt)cos? (m(rﬂTl)?))

)—2sin(mt)cos(mt)sin(m Jcos(m

(r2+c1)% )

(r2+1)% ))

= Bym?*(—sin*(m — cos®(m*—

= —fym?
and;

— 2 2 o0 (r241)3 (r24+1)3 (r241)%
C1—Cy = Bym*(—cos*(mt)sin(m-——— rH)? D7)

et ))

)+2sin(mt)cos(mt)sin(m Jcos(m

sin?(mt)cos®(m

(7,2_’;1)% ) (7“24;1)% ) (7“2+1)% )_

—Bym?(—sin?(mt)sin®(m 2

1
cos®(mt)cos® (m(’”%rTl)g))

—2sin(mt)cos(mt)sin(m cos(m

1 1 1
= —ﬂfme(cos(th)st(m(ruTl)? (’”QJFTU? U”QJFTU?))_

1
cos(2mt)co<92(m(7"%r+)§))

)+4sin(mt)cos(mt)sin(m Jcos(m

1
— Bym?(cos(2mt)(cos(2m L)) — sin(2mt)sin(2m L)

™ 1 1
[ Cadt = [T " (Bym? cos(mt)sm(mt)sm (m(rszTl)j)—sin(mt)cos(mt)cosQ(mM)—

1 1 ¢
sm2(mt)sin(m@)cos(m%)q%os (mt)sm(m(TQJFTI)Q)cos(m (rgtl)Q )))dt

™ ; 3
= (B i 0 s

(r241)3 )
1 1

+cos(2mt)sin(m(r?++)2)cos(m(r%rTlp)))dt

=0

so we can obtain a convenient simplification by requiring that;

(111) 109 = —Aa3Qy
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(IV) a1a3 = —Aag0y
(V). asaz = —ajay

The last 2 conditions give that a; = =2* (a3 # 0)

—asaq
as

o3 = — ay

a3 = aj (az # 0)
and a3 = =% (a2 # 0)

—aia4 __
a2

a; — —Q9ay

at = a3 (ay # 0)

which are conditions (7) and (i7). Conversely, if a; = ay and a3 = —ay
or a; = —as and ag = ay4, then conditions (7), (i7), (iv), (v) are satisfied.
Substituting into condition (7iz), we then require that;

a? = a3

which we can achieve if;

a; = az or a; = —as

We then obtain that;

P(r,t) = —aipym? [g,,(I" x ") . dS — a2pBym? Jo (A" x A" ds

~2a1a5C3) [,y (0" x I' = A" x A') . dS

2,13 %
—alagﬂ’yTTLQCOS(th)(COS(QTTL@)) sin(2mt)sin(2m< fs (A" x
I).dS

1 1
—a1a357m2003(2mt)(cos(2m(r2++)7)) sin(2mt) sin(2m T2 H =y ) S (T
A).dS+0(3)

If we integrate through a period of ™ we obtain that;
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[ P(r,t)dt

t
= —aifym* = fs (I xI"+ A" x A').dS + O(1)

= —ma?fym fs(r I x T+ A" x A') . dS + O(2)

as ft m cos(2mt )dt = j; m sm(th)dt fr% Csdt =0
By Poynting’s Theorem, we have that;

& — dth %EOE2+ +B%)dB(r) — MOP(r,t)

Integrating this expression over a period of - and using period-
icity, from Jefimenko’s equations that E(7,t + Z) = —E(7,t), and
B(r,t+ Z) = —B(7,t), we obtain that;

W(t+%)—W(t):—f()%(egE2+ = B)dB(r) i = + [, 5 (0 B>+
t+m
LEAB(r)), — L [ P(rt)
= —ﬂalﬁfym fs (I x T+ A" x A') . dS + O(%)
It follows that, for r > 0;
fS(T)(F” x "+ A" x A') . dS

= J (T« (T X TV + A x A"))dB(r)

3
_ 167rc3c(t,lrlr%){;)(7‘2+1 )2 + O( )

where c(t,m) = W(t 4+ =) — W(t), the difference in mechanical en-
ergy of the charge/current distribution confined to a vanishing annulus
containing S, is independent of r > 1, as contained in B(r), (*). Let-
ting f(z,y,2) = (v« (I x "4+ A” x A’)), we obtain that;

o FAB(r) = d(t, m)(r? + 1)% + O(r?)

3 This idea relies on an argument in [1], that the work done on a charge ¢ is
F.dl=q(E+vx B).vdt =qE.v=E.Jdt, and can be summed over any B(r)
with > 1, as J is vanishing outside S'. The idea that that .J can be represented
as pu is pursued in [9].
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where d(t,m) is independent of . Dividing by 73, we obtain that;
limr%oori.’i fB(r) de(?“) = d(tv m) + O(%) (ﬂ)

We have that f is a function of r and independent of ¢. Taking a
power series expansion of f in the variables {x,y, z}, and integrating
term by term, we can see that f must be constant. It follows that
d(t,m) and c(t,m) are constant as well, independent of ¢. Using the
argument of Lemma 4.16, we can see that, if f # 0, ¢(t,m) reaches
either 0 or tends to infinity as ¢ — o0, either case contradicting the
definition of thermal equilibrium, see Lemma 4.14. Another argument
is to see that c(t,m) is analytic in 7 and vanishes for r < 1, so that
c(t,m) = 0. Alternatively, using Lemma 4.14 with |T'(x,t)| = 1, we
can see that the mechanical energy is proportional to;

Jsqy 200, 0)IT(0,1)d0

= fg(l) t[—aisin(mb)sin(mt)—a; sin(mb)cos(mt)—aicos(mb) sin(mt)

+aycos(mb)cos(mt)|dd

=0.

so that, again c(t,m) = 0. It follows from (¥) that [, fdB(r) =
O(+)O(r*) = O(r*), so that;

iwa%ﬁym fS(T)(F” xI'+ A" x N).dS = 0(2)

and ftH% P(r,t)dt = O(L). It follows, letting r — oo, that the
mechanical energy of the matter wave doesn’t vary over a cycle and
moreover that the power radiated fth P(r,t)dt over a ball B(r) and

a cycle is O(1), for any r > 0, and lim, ftt+% P(r,t)dt = 0.
U

Lemma 4.10. The results of Lemma 2.3 and Lemma 4.9 hold for the
wave equation with velocity c;

with the time cycle = replaced by -
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Proof. The first result is clear. If we denote a solution W, to (%)
by W(z,ct), and let J,en = cJ(x, ct), with corresponding {pnew, Jnew }
then in the Jefimenko equations, we get that;

EQ,new ($7 t) = CEQ [pnewa jn&]

c

Il _ 27 J
E3,new =cC E2 [pnewa new]

Cc

§2,new = CQEQ [pnewv Jnew]

[

Again, we obtain that;

fS(T) (EQ,new X §27new) . d?

= C fS EQXBQ [pnew; "ew]-dg

c

=0
and;
fs(r) (E?),new X EQ,TLC’LU) . dg

=cC fS E3 X BQ [pnew,ine ]-d?

c

so that, following Lemma 4.3;

Pnew(’/’, t) T O(%) — C4P(T, t)[pnew, jnew] + O(%)

C

We then obtain, for the linear combination in Lemma 4.9 that;
Prev(r t) = ct[—a?Bym? fs(r)(F/’xF’).dg—a§67m2 fs(r)(A”xA’).dg
—2aya5CY, fs(r)(F” xI" — A" x A').dS

1 1
—a1a3ﬁ7m2003(2mct)(cos(Zm(ruTlﬁ)) sin(2met)sin(2m T2 +1 =y ) Sy (A"
I").dS

—alagﬂfymzcos(cht)(cos(QmMTl)f))—sin(2mct)sz'n(2m(7" T2 ) S (T
A) . dS]+O(2)
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where Cf = Cs(ct)

If we integrate through a period of - we obtain that;
[Fme prew(r t)dt

= —a167m2’3 K fs I x I+ A" x A).dS + O(2)
= —c’maifym [4, (I x I' + A" x A'). dS+ 0(1)

Now we can repeat the argument to obtain the same result, that
Limy oo [T P9 (r, ) dt = 0.
O
Lemma 4.11. Let py = a and Jy = b be constants, with {a,b} C
R, then for the corresponding (po, Jo) as in the paper, we have that
apo +.«Jo = 0. If {Ey, By} are the corresponding causal fields,
they satisfy the no radiation condition, and, if (p,.J) is the solution
given either in Lemmas 4.9 or 4.10, with {E1, B1} the corresponding
causal fields, then they also satisfy the no radiation condition over a
cycle, with the corresponding (p + po, J + Jo) satisfying the continuity
equation.

Proof. We clearly have that ap 0+ 8‘]° = 0, so that when we extend .Jy
to St by Jo(1,0) = Jo(6)(— sm(@) 003(9),0), for —7 < 6 < 7, we have
for the further extension (pg, Jo) on Ann(1,¢€) x (—¢, €), using Lemma
3.6, that 8"0 +.Jo = 0. Using Lemma 4.3, we have that;

lZmrﬁooP( ) = l’lmrﬁoo fS E02 X Bog + E03 X BO 2>dS( )

but as gy = 0 and 70 = 0, we have that Egs = Eo3 = Bpz = 0, so
that lim, . P(r) = O and {E, By} satisfy the no radiating condition.
Again, we have that 2 p — o) 4 (JJ;JO) = 0, with the same remark on the
extension, so that p+p0 +7+(J+Jg) = 0. We have that £, = E+ E
and By = B + By, so that,

limy oo P(1) = lim, o0 fs(r) (E1 x B1)dS(r)

= lim, 00 fS ") (E x B)dS(r) + fS(T (Eo x Bo)dS(r)
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+ [5(E % Bo)dS(r) + [g, (Eo x B)dS(r))
= iy s[5y (B % Bo)dS(r) + [, (Eo x B)dS(r))
= 1imy oo ( [y (B2 X Bo2)dS(r) + [g,)(Es x Bo)dS(r))
Himy oo ([gy(Boz % B2)dS(r) + [g,)(Eos x B2)dS(r))
=0

as required.

Definition 4.12. If (p, J) satisfy the continuity equation, let;

T(@,1) = |5E23], if (1) # 0

T(E, t) = ll.mr_m

1 D= o =
vol(B@,m) fB(E,r) o(@.0) if p(z,t) =0
We say that (p, J) are in electromagnetic thermal equilibrium at time
t, if T(Z,t) is constant on R3 and in electromagnetic thermal equilib-
rium if T(T,t) is constant on R® X Ry.

Remarks 4.13. The definition is motivated by Boltzmann’s definition

of temperature for ideal gases as ?lk| , see [8], where [v?| is the mean
square velocity of the particles making up the configuration, m is the
molecular mass and k is Boltzmann’s constant, and by the formula
J = pv, see [1] and [9]. A local definition of temperature is given in
8], when the particles are moving with different velocities. In the elec-
tromagnetic case, if p > 0, a natural definition of local average speed

would be;
[z PED)OG:1)|dB(G)
fB(E,v') p(y:t)dB(y)

Ip(z.» P@1)AB(@)

m Jaem 11 @0)1dB(G)
0 o3BG I8 PUAB()

‘/l(fa t) = lim'f‘—>0

= Mmrao
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and a similar calculation works for the local average squared velocity;

Vigm 1) = el

We then establish electromagnetic thermal equilibrium when Vi or Vs
1s constant, and similarly for the generalisation T

Lemma 4.14. If we set a; = —ay, as = as, then the system defined by
(p,J), for the linear combination p = Z?Zl pl, J= Z?Zl J, from Def-
mnition 4.6, is in electromagnetic thermal equilibrium. In particularly,
the configurations from Lemma 4.9 are in electromagnetic thermal equi-
librium for allt € R.

Proof. We have that;

Bl
ol

_ ’ a1 sin(mz)sin(mt)—az sin(ma)cos(mt)—aacos(ma)sin(mt)—ai cos(max)cos(mt) ‘
— “lajcos(mz)cos(mt)+azcos(mz)sin(mt)+azsin(mzx)cos(mt)—ai sin(mz)sin(mt)

8|

= A
T(l‘,t)|51 =

i3]

—|-1
=1

where a = |(—sin(0),cos(0),0)] = 1, when p(7,t) # 0, so that,
using Lemma 3.6, for any configuration (p, J), satisfying the continuity

equation and extending (p, J), we have T'(Z,t)|s1 = 1.
O

Definition 4.15. We say that a configuration (p, J, E, B) is classically
radiating in a cycle, if for sufficiently large r € R, there exists a se-
quence of times {t; : i € Z} such that, fort € (t; t;11);

fB@T) div(Ey x By)dB = f;i11(t)

for some continuous function fi;+1 on [t tiv1], with fii1(t;) =
fz',i+1(ti+1) = 0 and |j;t:+1 fz7z+1(t)dt| > € > O, with JZ«LJA fzﬂ_i_l(t)dt

of the same sign.

Lemma 4.16. If we set a1 = —ay, as = ag, then the system defined
by (p,J), for the linear combination p = 2?21 pl, J = 2?21 J, from
Definition 4.6, has the property that it is classically non-radiating in a
cycle, see [5], in all inertial frames, with respect to the causal solution
(E, B), provided by Jefimenko’s equations.
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Proof. Suppose that there exists a frame S7 with the property that the
transformed fields (Ey, By) is classically radiating in a cycle. We can
therefore assume that there exists a sequence of times {t; : i € Z},
such that for sufficiently large r € R~(, we have that;

S5 div(Es x By)dB = f;41(t)

for some continuous function f; ;11 on [t;, ti1], ¢ € Z, with f; ;41(8;) =
fiiv1(tiv1) = 0 and | f:f“ fiiv1dt| > €, i € Z. By Poynting’s Theorem,
we have that;

% fB(ﬁ,T) (umech -+ uem>dB = — fB(ﬁ,T) dlU(E@ X Eﬁ)dB = _fi,i—l-l(t)

in the period (¢;,t;11), so that, by the fundamental theorem of cal-
culus;

t;
fB(ﬁ,r) (umech‘i‘uem)dB‘tHl _IB(a,r) (umech—i_uem)dB‘ti = - ftz i fi,i+1 (t)dt

It follows that, if [ fiir1(t)dt > 0, [5, (Umeen + tem)dB would
decrease. Without loss of generality we can assume this as we can con-
sider a time reversal;

(_pﬁ(fa tO - t)? Jﬁ<§7 tO - t)a _Eﬁ(fa tO - t)? BF(Ea Z50 - t))

which satisfies Maxwell’s equations with the flux reversed. Then as
Yiez f::“ fiir1(t)dt = 0o and fB(G’T)<umech + Uepm )dB is finite, we can
assume that that there exists s, € R~g, With ween] B = 0, either
for t > s, or for t < —s,, (%). AS Upeen is finite, and the property (x)
can be made uniform in r, for r sufficiently large, we can assume no
charge flows to infinity. Then, we can assume, if Ueen = 0 in B(0,7),
that p| B 7 0, and as local kinetic energy of the charge is zero, that

the local speed |w| is zero, so that Ej
Jiw

el 0. By the transformation laws back to the base

= |w| — 0. In particularly the

components
frame, assuming, without loss of generality, that 7 = (v, 0,0), we have
that;

7| |"/v(ji,\|+%5%)+76,1_|
Tol — Yooz

d o (ot gl
_ (wi,e v vpe,d2,v,08,0)|

|%pv+m|
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(e n, e )|
- YvvIly
‘7v+7|
v
_y el
[yl

However, this contradicts Lemma 4.14 unless v = 1. We can then
obtain the result by a limiting argument to exclude this special case.

U

Remarks 4.17. If thermal equilibrium held in all transformed frames,
then one can probably adapt the argument of [5], replacing the classically
non-radiating condition with the classically non-radiating in a cycle
condition, to show that the above configuration (p,J) would satisfy a
global wave equation in R*. As this is clearly not the case in the base
frame, thermal equilibrium cannot hold in all transformed frames. The
above argument suggests that if a particle radiates in a cycle in some
wnertial frame, then it must eventually travel with constant velocity v
in the base frame, so that in the transformed frame Sy, it is stationary,

developing an observation made by Rutherford.
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