NON OSCILLATORY FUNCTIONS AND A FOURIER
INVERSION THEOREM FOR FUNCTIONS OF VERY
MODERATE DECREASE

TRISTRAM DE PIRO

ABSTRACT. We consider non oscillatory functions and prove an ev-
erywhere Fourier Inversion Theorem for functions of very moderate
decrease. The proofs rely on some ideas in nonstandard analysis.

Non oscillatory functions of very moderate decrease are quite typi-
cal in the class L?*(R) and are important in Physics. The first result
presented here improves slightly on a result due to Carlsen, see [2],
in that the convergence is everywhere rather than almost everywhere.
This property is useful in verifying certain differentiability criteria in
Physics, arising mainly from Maxwell’s equations, and in showing decay
properties of fields produced in connection with Jefimenko’s equations,
see [8] and [9]. At the end of the paper, we show how the result can
be improved to functions of just very moderate decrease, without the
non oscillatory assumption. The proofs rely on some ideas from non-
standard analysis, contained in the papers [6] and [7].

Definition 0.1. We say that f € C(R) is of very moderate decrease
if there exists a constant C' € R~ with |f(x)]| < I%’ for |xz| > 1. We
say that f € C(R) is of moderate decrease if there exists a constant
C € R with |f(z)| < u%, for |x| > 1. We say that f € C(R) is
non-oscillatory if there exist finitely many points {y; : 1 < i < n}, for
which f|y, iy @5 monotone, 1 < i < n—1, and f|—soy)s [lyn,o0)
are monotone. We say that f € C(R) is oscillatory if there ezists an
infinite sequence of points {y; : i € Z}, for which fly, 4,11, 1 € Z, is
monotone and there exists 6 € Rq, with |y;11 — y;| > 9, fori e Z.

Lemma 0.2. Let f € C(R) and % € C(R) be of very moderate de-

crease, with f and % non-oscillatory, then defining the Fourier trans-
form by;

F(f) (k)= $z@'m,ﬁ% " fly)e=™dy (k #0)
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F(f) k) = —rlim,o |7, & (y)e ™ vdy (k # 0)

dx (271,) T d:):

we have that F(f)(k) and ]-“(j—l;)(k;) are bounded, for |k| > ko > 0,
and there exists a constant G € R~q, such that;

FHR] < G

for sufficiently large k.

Proof. As f is of very moderate decrease we have that f is continuous
and im0 f(x) = 0. Similarly, 4 < is continuous and 111400 Sf 0.
As lim|y) o0 f(x) = 0, and f is non-oscillatory, we have that, for k # 0,
the indefinite integral

lim, oo [*, f(y)e *vdy
= lim, oo [ [(y)cos(ky)dy — ilim, o [ f(y)sin(ky)dy

exists. As f is of very moderate decrease and non-oscillatory, we have

that |f(x)| < |D‘, for |x| > E, and monotone in the intervals (—oo, F)

and (E,00). Using the method of [7], letting K = max(|f||-g,g)), We
have that;

(n+ D)
DR

llim, oo [ f(y)cos(ky)dy| < 2K E+2( |f Tl Deos( ky dy|+| [ 2" L Deosthy) gy

Pl Y

E+ sin
§2KE+%(ﬁ+| +2/, T+l D Ikly E)dy

‘o

T B+ Dsin(|k E
z‘k‘ +2fE [k] (k=E) 4

<2KE + "

Y

S|

(m +1)7r

|lzmreoof f SZ?”L ky)dyl < 2KE+2 |fE\k\ Dsin ky dy\—i—\fmk Ik\ [)S%Ufy)dyl)

E
E)+2 [, IR Dsm(\ky\(y B) 4

<2KE + 22(TE —

k] Y

ELT
<2KEFE +2Pr 4 9 E+\kl Dsm(\/;\(y—E))dy

where nj = ,un(2|k| ta=zE:ine Z-0) and my, = un(m >FE:nc
Z>0)

so that;
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) r —1 s Bty sin —
i soe 7, fly)e™*vdyl < AKE + 455 +4 [ Pedl=Elay

T —cos(|k|(y—F B+ B+ cos(|k|(y—F
_4KE+A:E[|)1¢| +4D(] (\Ik\lg/y ))]E W ( ZI/(;/ ))dy)

_ 4Dr 1T cos(|kl(y—E))
=AKE + 358 + 4D (g5 + 5m + fE | mE == dy)

4Dm 1
SAKE + g+ 4D(E\k|+7r + E|I<:| + [ vz = dy)

<AKE + 35 + 4D (55 + 5) = N

so that F(f)(k) and, similarly, J—"(%)Uf) are bounded, for |k| > ko >

We have, using integration by parts, that;

F(E) k) = —rlim, oo [7, & (y)e *vdy

(2m) 2 r dx
= wﬁlimrw([f (y)e ™), +ik [T fy)e *udy)
= ! —iky)oo 7zky
(271_)% [f(y)e ]—oo + Zk( lzmr—wo f f dy
= ik F(f)(k)

so that, for |k| > 1;

F) )| < ZE®L ()

As % is continuous and non-oscillatory, by the proof of Lemma 0.9
in [7], using underflow, for r € R+, we can find {F,, G,} C R~g, such
that, for all |k| > F,., we have that;

T d —i Gy
ot S (w)e™vdyl < G ()

It is easy to see from the proof, that {F,,G,} can be chosen uni-
formly in 7. Then, from (%), we obtain that, for |k| > F’;

F(L) (k)] < &, for [k| > F

and, from (), for |k| > max(F, 1), that;
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F(Ly(k
F(f)(k)] < Fa® < 6

[
Definition 0.3. Let f € C3(R), with f, ', f" and f" bounded, then

we define an approximating sequence {f,, : m € N} by the require-
ments;

(i). fm € C3(R), form e N.
(i2). fmli=mm) = fli—mm).

(131). fu is of uniform moderate decay, in the sense that there exists
a constant C' € R~g, independent of m, with;

| fm(2)] < MQ; for x € (—o0, —m — i) U (m + %,OO)

m

(1v). There exists constants {D, E} C R, with f_mm_i | fon(2)|dx <
L and fy:wr% | fon()|dz < 2.

Lemma 0.4. Let f € C(R) and L € C(R) be of very moderate de-

crease, with f and % non-oscillatory. Let { f,;m € N'} be an approzi-
mating sequence. Let F be the ordinary Fourier transform, defined for
each fn, then, for any ko > 0, the sequence {F(fm) : m € N} con-
verges pointwise and uniformly to F(f) on R\ (|k| < ko), where F(f)
is defined in Lemma 0.2. In particularly, F(f) € C(R\ {0}).

Proof. For g € C(R) and n € N, define;

Fulg)(k - [" fy)e *vdy

For k € R\ (k| < ko), {m,n} C N, and m > n, e > 0,§ > 0, we

have;
[ F ) E)=F () (R)| < [F ) R)=Fm () R+ Fn () (F) = Fn(fin) (K))]
FFm(fm) (k) = F () (K)|
= |F(N) ) = Fn(f)E)] + | Fn(fn) (k) = F(fm) (K)]

< [F(f)(k) = (B) + [ | fm(@)lde + [+ [ | fn(2)|do

2)2
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= |F(F)k) = Fal AR + 277 )+ [0 1 | o)l
L | f(@)d 4 [ 1 ()]
< |F(F)R) = Ful F)R)| + BEE 4 [0 G+ [* ) Gda

< IF()R) = Fnl ()] + BEE 4 20

< [F()(k) = Fu(f) (k)| + 2E2EE (BB)

As f is non-oscillatory and of very moderate decrease, f is monotone
in the intervals (—oo, —F) and (F, 00), and, we have that for |k| > ko,
m > maz(E, 1), f is monotone in the intervals (—oo, —m) and (m, o),
With | f|—eo—m)| < £, [flones)| < £, for some C' € Rg. Then, using
the proof of the alternating series test, see [1] ;

|]:<f)(k) - ]:m(f)(k)| = (2;)% |l7:m'r—>oo fm<‘$|<7, f(l’)e_ikxdx|

< (2; 100, gy F@)c0s k)t —plim, o [, -, f(@)sin(ka)dal

|fﬂ(nl’“‘+7 x)cos(kx) da:—{—f ey f(T )cos(k‘x)dac—l—fﬁ f(x)sin(kz)dx

TR

+ [Tmx f(@)sin(kx)de 4+ lime o [rm, 1) f(z)cos(kx)dx

Tk T2<|m|<7“

i
2)§

+limy o0 f%<‘x|<r f(z)sin(kx)dx|

<4 O limy o0 k|x)d
< AR ol faageh F(@)cos((Kla)dol

+ 2; T |limr—>oo f"llTk"T<|x|<r f(x)sm(|k:|$)d$\

ﬁ(nk+ ) (mk+1)7r

4 C COTRT | '
< G e g ety J@)eos R gl [y J@)sin(ble)da

4 Cm 4 Cm
= omt o T omTmis

1
_ sn2C _ Ok (B)

22 kom m
1

where ny, = pn(n € Zso, % >m), my = un(n € Z-, Tkrf > m).

Combining (B) and (BB), we obtain that;
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\F(f)(k) = F(fn) (k)] < So 4 204D

< €+ 46, for m > max(cko 2CeDEE)  As e > 0 and § > 0 were
arbitrary, we obtain the first result. The fact that each F(f,,) in the
approximating sequence is continuous follows from (i77) in definition 0.3
and the DCT. The last result then follows immediately from the fact
that kg > 0 is arbitrary and the uniform limit of continuous functions
is continuous.

O

Lemma 0.5. If m € R is sufficiently large, {ag,a1,as} C R, there
exists h € R[] of degree 5, with the property that;

h(m) = ag, h'(m) = a1, h"(m) = as, (i)
h(m+ L) =h'(m+ L) =h"(m+ =) =0 (i)

s 1] < C

[m,m+— ]

for some C' € R~g, independent of m sufficiently large, and, if
R (m) > 0, h"(x) 1 > 0, if K"(m) < 0, |, 1y < 0. In

| [m,m+ - [m,m+—=-
particularly;

S R () de = Jag|

Proof. 1f p(x) is any polynomial, we have that h(z) = (z—(m+=))3p(z)
satisfies condition (i7). Then;

W(x) =3z = (m+ 3))°px) + (@ — (m+ )’ ()
R'(x) = 6(z—(m+5))p(x)+6(x—(m+0))*p () +(z—(m+1))°p" (2)
R"(z) = 6p(x) + 18(z — (m + )P/ (z) + 9(x — (m + ))*p"(x)

so we can satisfy (i), by requiring that;
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which has the solution;

p(m) = —agm?, p'(m) = —3agm* — aym?, p'(m) = —12aom® —
6aym* — asm?

and can be satisfied by the polynomial;

4

p(z) = 3(=12a9m® — 6aym* — aym®)(z — m)?

+(=3agm* — aym?®)(x — m) + (—aym?)
1

= 5(—12a9m® — 6a;m* — agm?)z* + (—m(—12a9m® — 6aym* — aym?)

+(=3agm* — aym?))z + (%2(—12a0m5 — 6aym* — aym?)

Y —aym?) — agm?)

—m(—3aom
= (—6agm® — 3arm* — 2m?)z? + (12a9m® + 6aym® + aym* — 3agm*
—aym®)x + (=6agm” — 3a;mb — Lm® + 3agm® + aym* — agm?)

= (=6agm® — 3aym* — 2m?)z* + (12a9m® + 6aym® + (az — 3ag)m*
—aym®)z+ (—6agm” —3a;m’ + (3ag — 2)m® + 3agm® +aym* — agm?)
= ax’® + bx + ¢ (*)

so that;

W"(z) = 6(az®+br+c)+18(x—(m+=+))(2ax+b)+9(x— (m+--))*2a
= (60a)z? + (24b— 72a(m+ L))z + (6¢c — 18(m+ L )b+ 18a(m + L)?)
and, using the computation (x)

h"(x) = (60(—6agm®) + O(m*))z? + (24.12agm® — 72m(—6aoym®)
+0(m®))x + (6. — 6agm” — 18m(12agm5) + 18m?(—6agm®) + O(m?))

= (—360agm® + O(m*))z* + (740agm® + O(m®))z+
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(=360aom™ + O(mb))

which, by the quadratic formula, has roots when;

—T740agm®+1/7402a2m!'2—4(—360agm?)(—360agm7)
2.—360agm®

+0(1)

__ 740m 170m
720 + 70 720 +O(1)

= 1%” + O(1) or 9%—;” +O(1)

We have that m > 19m and m —|— < 9”” ift m > ,/ , and, clearly,

we can ignore the O(1 ) term for m sufﬁmently large. In particularly,
for sufficiently large m, h"(x) has no roots in the interval [m,m + =],
80 B[y 1y > 0 or B[, 01y <0

We calculate that;

|h[m,m+%]| =[(z — (m+ %))3p($)|[m,m+%]|

< #!P(ﬂﬁ)hm,mi]

= L|[3(=12aom® — 6aym* — aym?)(x — m)?
+(=3agm" — a1m®)(z — m) + (—aom®)]| 1)

< L[] =12a9m® —6a1m* —asm?| 5 + | —3agm* —a;m?| £ + | —agm?|]

12|ag|m®+6|a1|m*+|az|m3| 3lao|m*+|a|m3 lag|m?
< - + o + =

< 12|ag| + 6|ay| + |as| + 3|ao| + |a1| + |ag| (m > 1)
S 16|CLO| -+ 7‘(11| + ‘(Ig’

For the final claim, we have, as h’”|[m7m+;} > 0 or h”’| 1y < 0,

m m+—
that, using the fundamental theorem of calculus;

[ W () da = | [T B () da

= |W"(m+ 33) = B'(m)] = | = h"(m)| = |as]
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Lemma 0.6. Ifm € Ro, {ag, a1, as,a3} C R, there exists h € C3(R),
with the property that;

h(m) = ag, K'(m) = a1, h"(m) = az, K" (m) = a3, (i)
b+ 3) = H(m+ ) = W(m + &) = ¥"(m -+ £) =0 (i)
|h|[m,m+1} S C

where C' € R is independent of m > 1, and, if az > 0, K" (), py 1) >

0, a3 <0, K"(z)], < 0. In particularly;

m,m—&-%]

[ ()| da = Jag)

Proof. Let g(x) be a polynomial, then it is clear that the polynomial
hi(z) = (z — (m + %)”g(:v), for n > 4, has the property (i7), that
hi(m+ =) = hi(m+ ) = h{(m+ L) = h{"(m + =) = 0. The condi-
tion (7), then amounts to the equations;

(i)/ (_91()7:},)% = Qo

(i) )y g

(i) 2atelm), o Ingm) oy G g,

(o MRS | el | el S,

which we can solve, by requiring that;

(1)" g(m) = (=1)"agm"

(i1)" ¢'(m) = (=1)"aym" + (—=1)"agnm"*!

(i12)" g"(m) = (—1)"agm™ + 2(—1)"na;m"** + (=1)"n(n + 1)agm™
(iv)” ¢"(m) = (=1)"azm™ + 3n(—1)"aym™ ™ + (=1)"a;n(n + 3)m"*2
+n(n+ 1)(n + 2)(=1)"agm"™™3 (*)

Let;
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a1(2) = ((=1)"azm® + 3n(—1)aym™' + (—1)"a1n(n + 3)m"*?
n(n+1)(n42) (—1)"agm™3) (x—m)3+((—1)"agm"+2(—1)"naym™+!
+(=1)"n(n + 1)agm™*?)(x — m)? + ((—=1)"a;m™ + (—1)"agnm™**)
(z —m) + ((—=1)"agm")

Then g, (z) satisfies (x), and so does any function of the form gs(x)+
g1(z) where;

/

g2(m) = gh(m) = g5(m) = g5'(m) = 0

provided g € C3(R). In this case, if;

h(z) = (z = (m+ )" (92(2) + 91(x))

then h satisfies (i), (77). We have that;

|z — (m + %)"91(1?)|[m,m+%} < #(‘92‘[m,m+%] + 191l ms 1)

<. (92l mr 27+ —|((—=1)"agm™+3n(—1)"aym™* ' +(—1)"an(n+

— mn

3) mn+2

+n(n +1)(n + 2)(=1)"agm™3) L5 + ((=1)"aym™ + 2(—1)"na;m"*!

+(=1)"n(n + )agm™?) s + ((=1)"aym™ + (—1)"agnm™**)
+ ((—=1)"agm™)|

L
m

= |((=1)"azm" + 3n(—=1)"agm™ ™ + (=1)"ayn(n + 3)m"+?

+n(n+1)(n+2)(=1)"aom™"3) —Ls + ((—1)"asm™ + 2(—1)"na;m™ !

+(—1)"n(n + 1)a0m”+2)w}+2 + ((=1)"aym™ + (—=1)"agnm™*!)

et + ((=1)"ao))

< as| + 3nlaz| + n(n + 3)[a1| + n(n + 1)(n + 2)|ag| + |az| + 2n[a;| +
n(n 4+ 1)|ao| + |ai| + nlao| + |ao|, (m > 1)



NON OSCILLATORY FUNCTIONS AND A FOURIER INVERSION THEOREM FOR FUNCTIONS OF VERY M

— #(|92][m,m+%] + (n+1)(n*+3n+1)]ag| + (n* +5n+1)]a; + (3n+
Dlag| + |as| = F (F)

where F' € R+ is independent of m. Using the product rule, the
condition that 2" (z) = 0 in the interval (m,m + =), is given by;

n(n—1)(n—2)(x — (m+ L))" 3(g2 + g1)(2) + 3n(n — 1)(z — (m +
L))" 2(g2 + 1) ()

+3n(z — (m+:0))" g2 +91)" (@) + (2 = (m+ 1)) (92 + 1) (x) = 0
which, dividing by (z — (m + =))"3, reduces to;

n(n—1)(n —2)(g2 + g1)(x) + 3n(n — 1) (2 — (m+ ;7)) (g2 + 1) (2)+
3n(z — (m+ )92+ 91)" () + (2 — (m + 57))* (92 + 91)"(2) = 0
and;

n(n—1)(n —2)ga(x) + 3n(n — 1)(x — (m + =))gh(x) + 3n(z — (m +

)25 ()

+Ha — (m+ )05 (2) = —(n(n — 1)(n — 2)g1(x) + 3n(n — 1)(z —
(m+ 32))g1 ()

+3n(z — (m+ )% (@) + (2 — (m+ )’ (2)) (4)
Without loss of generality, assuming that;

—(n(n—1)(n—2)gi(z) +3n(n—1)(z — (m+;;))gi(z) + 3n(z — (m+
)2l (@)

(@ — (m+ L))2gl ()| = —(n(n — 1)(n — 2)ap — 2nn=ber | sney
_% Z ()

we can choose an analytic function ¢(z) on [m, m + nll] with;

(a)- ¢( )< —(n ( —1)(n—2)91($)+3n(n—1)($—(m+%))9’1($)+
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@ = (m+ )" ()
(b). ¢(m) =0
The third order differential equation for gs;

n(n —1)(n = 2)ga(z) + 3n(n — 1)(z — (m + ;7)) g5() + 3n(z — (m +
)95 (@)

+Hx = (m+ )95 (z) = ¢(x), on [m, 1 +m] (B)

with the requirement that go(m) = gh(m) = g5(m) = 0, has a so-
lution in C3([m, m + +)) by Peano’s existence theorem. By the fact
(b), we must have that gy'(m) = 0. Writing the power series for ¢ on
[m, m + L], as;

o) =Y 2o bi(x — (m+ )

we can use the method of equating coefficients, to obtain a particular
solution, with;

g27pa7“t(x) = Z]Oio aj,part(x - (m + %))j, With;

b; .
Ujpart = D= ann= D3 G-DFG-DG—2 (723)

a _ b a _ b1 a _
2,part = nn—1)(n—2)+6n(n—1)+3n ~Lpart = pin—1)(n—2)+3n(n—1) ~Opart —
bo

n(n—1)(n—2)

b

so that gs e is analytic as |ajo| < + for j7 > 0.

To solve the homogenous Euler equation;

n(n—1)(n—2)gs(x) + 3n(n — 1)(x — (m+ =))gh(x) + 3n(z — (m +
)95 (@)

+(z — (m+ £))%g5' () = 0 on [m, m + L]

we can make the substitution y = m + i — x, to reduce to the equa-
tion;
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3

n(n—1)(n—=2)g2,m(y)+3n(n—=1)yg5,,(y)+3n4°g5 ., (y) +4° g5, (y) = 0
on [0, -]

3=

with gam(y) = g2(m + % — y). Making the further substitution
y = e*, and letting ro ,,(u) = g2, (e"), we have that;

T (W) = g m(€)e* + g 1 ()€
() = G (€) + 305, (€)™ + g (e¥)e
so that;

n(n — 1)(n — 2)gam(e") + 3n(n — 1)e'gy,,(e*) + 3ne*'gy,,(e*) +

¥ gyl (€")

=nn—1)(n—2)rym(u)+3n(n—1)e"(ry,, (u)e™)+ 3ne2“((r§”m(u) —
b, m(e")e")e ")

+e((r5), (1) = 393 ()€™ — g 1 ()€ )e™™)

= n(n—1)(n—2)rym(u)+3n(n—1)ry,, (u)+3nry,, (u) =3ng; ,, (e*)e"+

() = 3 (")
()"

=n(n—1)(n —2)rom(u) +3n(n —1)ry,, (v) +3nry,, (u) + 1y, (u) —
(3n 4 1)gy,,(e")e” — 395, (e")e"

=n(n—1)(n—2)rom(u) +3n(n — 1)ry , (v) + 3nry,, (u) + 1y, (u) —
(3n + 1)ry,, (u)

=32 (15 (1) — g m(e")e")e™")

=n(n—1)(n—2)rym(u)+ (3n?—6n— l)rém(u) +3nr§7m(u) —|—r§"m(u) —
31y (1) + 345, (€*)e”

=n(n—1)(n—2)rom(u) + (3n? —6n — D)7ty () +3(n — 1)1y, (u) +
Ty (1) + 375, (u)
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=n(n—1)(n—2)ram(u) + (3n® = 6+ 2)ry,, (u) + (3n = 3)r3,, (u) +
ram(u) =0 (C)

We have that;

AN +3(n—1)AN+Bn?*—6n+2)A+n(n—1)(n—2)) =3 2 +6(n—
DA+ (3n? — 6n +2)

which has roots when A = —(n — 1) + \/ig, so that, for large n, the

characteristic polynomial of (C') has exactly one real root A; and 2
complex conjugate non-real roots, {As + iX3, Ao — iA3}. It follows, the
general solution of (C) is given by;

TQ’m('U/) — A16A1U+A26>\2u+i)\3 _|_A3€)\2u—i)\3

where {A;, Ay, A3} C C, and, we can obtain a real solution, fitting
the corresponding initial conditions, of the form:;

To.m(u) = BieM" + Bye*?Ucos(Azu) + Bie Usin(Azu)

where { By, By, B3} C R. It follows that;

G2.m(y) = ram(In(y))

92(7) = gon (M + 5 — )+ g2part(2) = To,m(In(mA+ 5 = 7)) +g2pare(7)
— BeMinimtg—o) 4 326A21n(m+%—x)003()\3m(m + % — 1))

+ Bye*n(mt5=2) gin (Asln(m + L — 1)) + g2 pare(2) (on [m, m+ =]
We have that;

M| + i3 = —n(n —1)(n — 2)

AMF A +idg+ A —id3 =1 + 2 =-3(n—1)

Computing the highest degree in n term of the characteristic poly-
nomial, we obtain that, for A = an;

a®n® + 3n(an)? + 3n*(an) + n® = nd(a+3)> =0
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so that a = =3, A\ = =3n+ O(1) and 2\y = —3(n — 1) — (—3n +
O(1))=3-0(1)=0(1)

Then, if B; = 0, we can see that go(x) has at most a ;(;0% singularity

at (m+ 1), which we can achieve with a 2-parameter family choice for
the initial conditions of {¢(m), ¢'(m), ¢"(m)}. If;

~(nn — 1)(n — 2)ag — DD ey e g

m

we can clearly achieve this, while satisfying (a), (b). If;

—(n(n — 1)(n — 2)ao — 2=l 4 Sy oy g

m m?

by requiring the the additional property (c);

¢'(m) < —(n(n = 1)(n = 2gi(x) + 3n(n — )(z — (m + ))gi(x) +
3n(z — (m+ ..))%g{(z)

= (m+ )0 (@) |

we can clearly satisfy (a), (b) as well.

Then, as, for sufficiently large n;

lim—o( B35 sin(Agln(z)) + B35 cos(Asln(x)))

= limgo( B35 sin(\sln(z)) + B2 cos(Nsln(z)))’

= limxﬁo(%sin()\gln(a:)) + %cos(&ln(m)))”

= limxﬁo(fg—fgsm()\gln(x)) Bg”i)cos()\gln( )" =0

we obtain that (z—(m+=))"gs(z) extends to a solution in C3([m, m+
w))s and (2 — (m + )" (g2 + g1)(x) € C3([m,m + ). By the fact
(a), (A) has no solutions in (m,m + =), so that A" (z) > 0.

We have that;

(2= (m+2)"92() s 1) = (2= (ML) (Boe M55 cos (Agln (m+

)
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1

+ Byt =D gin(Asln(m + L — 2)) + gopare(2))]
< [Bom* ™" + [ By|m 27" +m 7" g pare ()]
Noting the right hand side of (a) is bounded by O(m™) on [m, m+-=L],
we can also choose ¢(z) and gapari(2) to be of O(m™) on [m, m + =],
irrespective of the choice of initial conditions {¢(m), ¢’ (m), ¢"(m)}.
We have that ¢/(m) = O(m"™!), in the special case, so that choosing
{Bs, B3} sufficiently small, noting;
(x — (m+ %)"(Bg(iA?l"(mjLi_m)cos()\gln(m + L —1))
+Bge’\2“‘(m+%_I)sin()\gln(m—i—%—x)))/|m = O(maz(Bym™ 271 Bymn=271))
we can assume that;

(@ = (m+ )" g2(0) | pymy 1) < D

where D € R is independent of m, so that, using (F');

F+D

For the final claim, we have, as 1|, ., 1 > 0 or B[, 41y <0,
that, using the fundamental theorem of calculus, that;

[ W (@) da = | [T B () da
— W(m + L) — B (m)| = | — B"(m)| = |as]

O

Lemma 0.7. Let f be as in Definition 0.3, then there exists an ap-
prozimating sequence {f, : m € N'}. Moreover, for sufficiently large

m, |F(fm)(k)| < %;, for |k| > 1, where C' € Ry, independent of m.

Proof. Define f,, by setting;

fm(x) = f(x) for x € [—m,m)]
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fm(l') = h17m($), for x € [—m — %’ _m]

fm(x) = hom(z), for z € [m,m + +]

fm(z) =0, for x € (—o0, —m — 1]

m

fm(z) =0, for x € [m + %,oo)

where {him, hom} C C*([=m — &, —m] U [m,m + L]) are gener-
ated by the data a1,m,0 = f(_m)7 a1,m,1 = f,(_m)a A1,m,2 = f//<_m>7
as.mo = f(m), azm1 = f'(m), azmo = f”(m), guaranteed by Lemma
0.5 or Lemma 0.6. By the constructions of Lemmas 0.5 and 0.6, we
have that (i) in Definition 0.3 holds. By the definition, we have (ii).
As f, is identically zero on (—oo, —m — L]U[m+ L, 00), we have that
(737) holds. By the proof of Lemma 0.5, or using Lemma 0.6, we have
that;

([P 115 o2m it g} < 1611 Floo + 71 oo + 1171 oc
It follows that;

Sz 1 fm(@)ldz < (16]] flloc + T oo + 11" lloc) (=m = (=m = 22)

D
m

[ (@) < (16]] oo+ T oo + [[F7]1o0) (m + L) = m)

<

3=

where D = E = (16[| flloo + 7/1f[loc + [1/"]lo0)
proving (iv). For the second claim, we have that;
F0) = —Ey [ e

= (e — ik [, S a)ed

= = ([ (e, — ik [, f () ed)

(2m)2

= 7’62 ([fm( ) _ka]iooo _ikffooo fm<x)6_ikmd5€>

l
)2
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= o I Iml@)e )

so that, for |k| > 1;

IF(fm)( w)e " dx]
1 f/l/ 71kzdx‘

_ (27r)

- EE

< " —ikx dr

< it I @]

Z—rf, | fon ()| dix

|k[3(2m) 2

= 1;(

k|3 (2m)z 7T

o P (2)|d + 75 |7 (= Vo + [ |, () )

< i ()l 2ml | ()
< . 2 1" . 2 " .

_W @7 o + 2177 |)

< iy (@m - 2ml| o). (m > |17l
_Cm

B

where C = ﬁ%—@ +2[ "] )

O

Lemma 0.8. Let f € C3(R), with f and % non-oscillatory and of very
moderate decrease, with {f, f', f", f"'} bounded, then F(f) € L*(R),
and we have that;

fx) = F7HF()(x)

where, for g € L*(R);

F ) = 1 [ g(k)eedk

(2#)% -

Proof By Lemma 0.2, we have that there exists C' € R+, with | F(f)(k)| <
|k|2, for sufficiently large k, (x). As f is of very moderate decrease, we
have that |f]? < %, for |z| > 1, so that, as f € C°(R), we have that

f € L*(R). 1t follows that F(f) € L2(R), and F(f)|i_nn € L'(R), for
any n € N, (xx). Combining (%), (%), we obtain that F(f) € L*(R).
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Let {fm : m € N} be the approximating sequence, given by Lemma
0.7, then, as f,, € L*(R), F(f,) is continuous and, by Lemma 0.4,
converges uniformly to F(f) on R\ {0}. Tt follows that F(f) €
C'(R\{0}). As f, € C*(R) and f! € L'(R), we have that there
exists constants D,, € R, such that |F(f,,)(k) < |k|2, for sufficiently

large k. Moreover, as 2" f,,(z) € LY(R), for n € N, F(fm) € C*(R).
It follows, the Fourier inversion theorem f,, = F _1(]: (fin)), (% %),
holds for each f,,, see the proof in [6]. By Lemma 0.4, we have that, for
ko > 0, |[F(f)(k) = F(fm) (k)] < 22 for [k > ko. As f is of very mod-
erate decrease, we have that, f — f,, € L*(R) and ||f — fullr2r) — 0,
| F(f)— (fm)||L2 — 0 as m — oo, in particularly for m sufﬁ(nently
large, we have that ||f( ) — (fm)||L2 < 1. We then have that, for
€ > 0;

F () = Ffadller(—ee

=< |F(f) = F(fm)l: Lceq) >12((~c)

< [|F() = Fhmll2-eepl L —eallz(-co)
= V2 || F(f) = F(Fm)llz2(-ce

< V2e (4)

for m sufficiently large. Then, for n € N, m € N, with m = n
using Lemma 0.7, Lemma 0.4 and (A), we have, for x € R, that;

IFHFUN @) = FHF ) @) = [FHF)E) = F(fm) (F))]
=] J7.( F(fm) () e dht [y, (F () (R)=F (f) (k)™ dk|

3
2,

27r)§
< (Zﬂ)%(f (FP)E)=F (fr) (R)dh+ [y \F ) B dEA [y, [F (fin) (K)]dE)
S Gt U F N ®) = F () R)ldRA22 4 [y bt [, (i R)
< (M)% (V2e2 + 208 4 20 ¢ ont )
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for sufficiently large n, where % is the bound from Lemma 0.4. It
follows that, as € > 0 was arbitrary, for z € R;

Lt oo N (F () () = FF()(@), (55 5)
and, by Definition 0.3, (* % %), ( % %x);
f(@) = limin o0 fin (@) = limu oo T HF (f)) (@) = FLF(f)(2)

t

Remarks 0.9. The previous lemma proves an tnversion theorem for
non-oscillatory functions with very moderate decrease. Such functions
belong to L*(R) and an analogous result for Fourier series can be found
in (2], where convergence is proved almost everywhere rather than ev-
erywhere. The corresponding result for transforms is that;

If fe LP(R), p € (1,2], then;

for almost every x € R.

We can define the function Fi(f)(k), for k € R, using the usual
Fourier transform transform method, when f € L'(R), see [10], and,
we can define the function Fo(f)(k), for k € Ry, using the limit defi-
nition when f is of very moderate decrease and non-oscillatory, a par-
ticular case of f € L*(R). However, the operators Fy and Fy need not
commute, so that even if we show that FooF, = Id, it doesn’t necessar-
ily follow that FyoFs = Id. The first claim is, in a sense, shown in [4];

If f € LY(R) N C°R) and |F(f)(k)| < ﬁ, for all k # 0, and
Ae Rzo, then;

for every x € R.

Definition 0.10. We say that f : R — R is analytic at infinity, if
f(2) has a convergent power series expansion for |x| <€, € > 0. We
say that f is eventually monotone, if there exists yo € R~o such that
Fli=oo,—yo) and f|(ye,00) are monotone.
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Remarks 0.11. The class of functions which are analytic at infinity
and of very moderate decrease is important in Physics. The components
of the causal field generated by Jefimenko equations can be shown to

have this property if the corresponding charge and current (p,J) are
smooth and have compact support.

A criteria for a function being non-oscillatory or eventually mono-
tone is provided by the following lemma;

Lemma 0.12. If f : R — R, f # 0 is analytic and analytic at infinity,
then it has finitely many zeroes. If f : R — R, % s analytic and
analytic at infinity, and f # ¢, where ¢ € R, then f is non-oscillatory.
If f: R = R, f is analytic for |x| > a, where a € Rsq, analytic at
infinity, and f|z>o 7# 0 then f has finitely many zeroes in the region
lz] >a+1. If f: R = R, % is analytic for |x| > a, analytic at
infinity, and f|z>a 7# ¢, where c € R, then f is eventually monotone.

Proof. For the first claim, suppose that f has infinitely many zeroes.
Then we can find a sequence {y;;i € N} with f(y;) = 0. If the se-
quence is bounded, then by the Bolzano-Weierstrass Theorem, we can
find a subsequence {y;,; k € N'}, with f(y;, ) = 0, converging to y € R.
By continuity, we have that f(y) = 0 and y is a limit point of ze-
roes. As f is analytic, by the identity theorem, it must be identically
zero, contradicting the hypothesis. If the sequence is unbounded, then
we can find a subsequence {y; ;k € N}, with f(y;,) = 0, such that
limg—oo¥i, = 00 Or limy_0oy;, = —00. As f is analytic at oo, we can
find € > 0, such that f(y) = 0 for |y| > % By the identity theorem
again, f is identically zero, contradicting the hypothesis. It follows that

f has finitely many zeroes. For the second claim, as % # 0, by the
first part, there exist finitely many points {1, ..., y,}, with % v =0,

for 1 < i < n, and with y; < 9,41, for 1 < i < n — 1. In partic-
ularly, we have that f|_ccy.)s fl(ynco) a0d fl(y,:s,) is monotone for
1 <17 <n-—1,sothat fis non-oscillatory. For the third claim, suppose
that f has infinitely many zeroes in the region |z| > a+ 1, then we can
find a sequence {y;;i € N} with f(y;) =0 and |y; > a + 1. As above,
if the sequence is bounded, we can find a subsequence {y;,; k € N},
with f(y;,) = 0, converging to y € R, with |y| > a+1 > a. As f
is analytic for |z| > a, by the identity theorem, it must be identically
zero in the region |z| > a, contradicting the hypothesis. If the sequence
is unbounded, by the same argument as above, f must be identically
zero in the region |z| > a, contradicting the hypothesis. It follows that
f has finitely many zeroes in the region |z| > a + 1. For the fourth
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claim, as %|le>a # 0, by the first part, there exist finitely many points
{y1,...,yn}, with %|yi =0, and |y;| > a+ 1, for 1 <1i < n. Choose
Yo > mazi<i<n(|yi]), then %||x|>y0 # 0, so that f|jz)>y, is monotone.

U

Lemma 0.13. If f € C°(R) and f is of very moderate decrease, then
defining the Fourier transform by;

F(h) (k) = $limrﬁm J2, fy)evdy

we have that F(f)(k) defines a function F(f)(k) € L*(R), with
F(Nl2ry = I fllz2r)- There exists a sequence {r, : n € N'} with
rn € Rso such that;

! limy, oo f_T:n f(y)eiikydy

(2m)2

converges almost everywhere.

Proof. By the hypotheses, we have that f € L*(R) and if f, = fx (),
where X () is the characteristic function on (—r,r), then f, € L'(R)N
L*(R) and ||f — fy||r2r) — 0, as r — oo, in particular the sequence
{fr : r € R} is Cauchy. By a result in [3], we have that the usual
Fourier transform F : L'(R) N L*(R) — L*(R) is an isometry, so that
the sequence {F(f.) : 7 € R} is also Cauchy. By the completeness of
L*(R), there exists g € L*(R), such that ||g — F(f.)|[r2r) — 0, as
r — oo. We have that;

IF )R e2ry = [llime oo F (fr)l|2(r)

= limy oo || F(fi)llL2(R)

= limr—monr”L?(R)

- ||llmr—>oof7"||L2(R)

= Ifllz2w)

Finally, by a result in [5], If we choose r,, € R~ such that ||f —
frollr2ry <277, then || F(f) = F(fr)ll2ry < 27" and | F(f,,)(F) —
F(f)(k)| — 0 almost everywhere.

O
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Remarks 0.14. We will use F(f)(k) to denote this a.e limit.
Lemma 0.15. Let f € C*(R) and {f, L} c C(R) be of very moder-

ate decrease, with 3 f of moderate decrease, then there exists a constant

G € R~o, such that

W) < &

for |k| > 1. In particularly, F(f)(k) € L'(R) is defined everywhere
for k #0.

Let f € CY(R) be of very moderate decrease, with % of moderate de-
crease and oscillatory, then there exists a constant G € R, such that;

FHHR) <

for sufficiently large |k|. In particularly, F(f)(k) € L'(R) is defined
for k #0.

Proof. We have that d ] € LY(R) and;

2 0o 42 i
FED®] = L5 [, S ey
< L IS ey

(2m)2
S (y)ldy

< L [
—(2>%f—°°|

S e

<G

where G € R~o. Then, using integration by parts and the DCT, we
have, for k #£ 0, that;

2 . y

}—(%)(k‘) = (gﬂ) LMoo [ . Z:ﬂ( Ye~ikudy

- (27:)% lzmTﬁoo([%<y) —Zk:y + Zk frr jj; —ikydy)

= 1 f —Zkiy o0 f _Zk;y
(%)2[ |, + ik W)lzzmrm 4 a0y

= ki, [T L emikydy

(27r)
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(27T), (lzmr%oo{[f(y) _zky , ik f fly _zkydy))

— Rl [, f )y

= —k*F(f)(k)

The calculation shows that F(f)(k) and F(L)(k) are defined for
k # 0, and, for |k| > 1,

F(LL) k)

IF(NR)] < —er—
G
< e

We have that F(f)(k) € L*(R), so that F(f)|—11)(k) € L*(R) C
LY(R), and F(f)(k) € L*(R)

For the second claim, we have that, % € L'(R), and, similarly to
the above, |]—"(%)(k’)| < H, for some H € R- and k € R. Using the
DCT, for k # 0;

]:(%)(k) = (%)szrﬁoo [ SJ; (y)e~*vdy
- (2 1)%hm7“—>oo([f(y) _Zky —|— Zl{jf f —zk:ydy)

- (2;)% [f(y)eizky]iooo + Zk( lzmr_wo f f fzkydy
__ _ik . r ik

N (277)% lzmr_)oo f—r f(y € ydy

= ik F(f)(k)

showing that F(f)(k) is defined for k # 0, and, for |k| > 1;

F) )] < EE®l ()

b

= K]

We have that %\(_1,1) is non-oscillatory, and, moreover, there are at

most % monotone intervals. Using the proof in [7], we get, for suffi-
ciently large |kl;
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1 df _—
| Jo Lemtvdy| < |k|

where F; < 4= and C = maxxen\jx\ As d—J; is of moderate de-
crease, we have that | o < ITQ, for |z| > 1, where D € R~q. Then,

using the proof in [7] again, and the definition of oscillatory, we have
that, for sufficiently large |k|;

df iky 2 D
| f|y\>1 dz € ’ dy| < (ﬁ Z|yi\>1 W)

4 D
< (& 2onezs0 Grtnd?)

4D [ dz
— Olkl Jyiy a2

47D
— Okl

where |y;,| > 1 and |y;,| < |yi|, for all |y;| > N. It follows that;

LY R = 1, Le™dy + [, Le vyl
<L Letvdy| 4| [,y e tdyl

< @+ Wi

< St Ee

= B ()

where R = 4”(6(;*[)). Combining (x) and (xx), we obtain that, for
sufficiently large |k|;

F () (k)] < !
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Lemma 0.16. Let f € C*(R), with {f, df} of very moderate decrease,

xg of moderate decrease, and {f, f', f", f"'} bounded, then F(f) €
LY(R), and we have that;

where, for g € LY(R);

F o)) = oy [ gk)ertdk
The same result holds if f € C*(R), with f of very moderate de-
crease, % of moderate decrease and oscillatory, and {f, f', f", f"}

bounded.

Proof. By Lemma 0.15, we have that there exists £ € R.g, with

\F(f) (k)| < #, for sufficiently large k: (¥). As f is of very mod-

erate decrease, we have that |f|? < |$\2’ for |z| > 1, so that, as
f € C°%(R), we have that f € L?*(R). It follows that F(f) € L*(R),
and F(f)|j—nn € L'(R), for any n € N, (xx). Combining (x), (x*), we
obtain that F(f) € LY(R). Let {fn : m € N} be the approximating
sequence, given by Lemma 0.7, then, as f,, € L*(R), F(fn) is con-
tinuous. As f,, € C*(R) and f! € L'(R), we have that there exists
constants D,, € R~o, such that |F(f,)(k) < ‘Dk@, for sufficiently large
k. Moreover, as z" f,,(z) € L'(R), for n € N, F(fn) € C®(R). Tt fol-
lows, the Fourier inversion theorem f,, = F ' (F(f)), (**x), holds for
each f,, see the proofin [6]. As f is of very moderate decrease, we have
that, f—fn, € L*(R) and || f— fi|lr2(r) — 0, [|F(f)=F (fu)|ln2(r) — O
as m — oo. We then have that, for n E N, meN;

7 F(fun) (k))dk]
< <2n>%||f<f — )l

< 20)2[|f = full12

= (2n)3( Jielom F2(x)dx)?

< 20)2 (fiyo (5 (2)d) 2
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1 1
= (2n)2(2)>
%
m?2

where D € R~y. Then, forn € N, m € N, with m = [n%], using
Lemma 0.7 and (A), we have, for x € R, that;

IFHFUN@) = FHFFm))@)] = [FHF ) ER) = F(fm) (F))]

- 2mlf —F(fm) (k) dk+ [, (F () (R)=F (fn) (k)™= dk|
< or (1 B) =T () R 4 [y | FCFY RV AR [ 1P () ()] R)
= @;%(QI)i%'+_LM>nIMQdk'+&fm>n(ﬁ§dk)
S 11(2Dn_%;+%+c£2§)
(2m)2 m32

L n % 2F Cn2
= (ZW)% (2D<[n%}) + 5T T )
<€

for sufficiently large n, so that, as e > 0 was arbitrary, for x € R;

LMoo (F(fm)) (@) = FTLF(f) (@), (5 % 5x)

and, by Definition 0.3, (% % %), ( % %x);

F(@) = limum oo fn (1) = limm oo T (F(fin))(z) = F ' F(f)(2)

REFERENCES
[1] Introduction to Real Analysis, R. Bartle and D. Sherbert, Wiley, (1982).

[2] On convergence and growth of partial sums of Fourier series, L. Carlsen, Acta
Mathematica, 116 (1): 135157, (1966).

[3] Lecture Notes on Fourier Transforms, W. Faris, Department of Mathematics,
University of Arizona, (2008)

[4] Fourier Analysis, T. Korner, CUP, (1988)



28 TRISTRAM DE PIRO

[5] Maths Stackexchange, https://math.stackexchange.com/questions/138043/does-
convergence-in-lp-imply-convergence-almost-everywhere, (2022)

[6] A Simple Proof of the Fourier Inversion Theorem Using Nonstandard Analysis,
Tristram de Piro, available at http://www.curvalinea.net (19), (2013)

[7] Simple Proofs of the Riemann-Lebesgue Lemma using Nonstandard Analysis,
Tristram de Piro, available at http://www.curvalinea.net (51), (2019)

[8] Some Arguments for the Wave Equation in Quantum Theory, Tris-
tram de Piro, Open Journal of Mathematical Sciences, available at
http://www.curvalinea.net (58), (2021)

[9] Some Arguments for the Wave Equation in Quantum Theory 4, Tristram de
Piro, available at http://www.curvalinea.net (64), (2023), in progress.

[10] Fourier Analysis, An Introduction, E. Stein and R. Sakarchi, Princeton
Lectures in Mathematics, (2003).

FraT 3, REDESDALE HOUSE, 85 THE PARK, CHELTENHAM, GL50 2RP
E-mail address: t.depiro@curvalinea.net



