CIRCUIT ANALYSIS OF A SIMPLE TRANSISTOR
RADIO

TRISTRAM DE PIRO

ABSTRACT. According to [2], a simple AM transistor radio is made
up of 4 components, the tuning circuit, the detector circuit, the fil-
ter circuit and the amplifier circuit. We analyse each of these com-
ponents in turn, calculate their Thenevin equivalents, and use this
to justify the values of resistors, capacitors, inductors, transistors
and batteries in the radio, to pick up a range of AM frequencies.

Definition 0.1. A tuning circuit consists of an aerial attached to a se-
ries LC circuit, which we assume provides the driving voltage Vycos(wt).

Lemma 0.2. For a series LC' circuit with a forcing voltage;
V(t) = Vhcos(wt)
the general solution to the response current, is given by,

_ Vowsin(wt) t . t
I(t) = @ —+ ACOS(\/T—O) + BSZTL(\/T—C)
and this agrees with the phaser current solution, calculated using the
method of impedance. In particularly, we obtain a resonant current
when the frequency;

27 2my/ LC

Proof. Let V, and Vi be the voltages across the inductor and capacitor
respectively. By Kirchoft’s voltage law;

Vi, + Ve — Vocos(wt) =0 (A)
and, by the rules for the inductor and capacitor respectively;

Vi = L% (B)
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I=C% (C)

From (B,C, A);
G=L% (D)

W =c (B

% + dc% = —Vowsin(wt) (F)

Substituting (D, ) into (F);

L% + & = —Vowsin(wt)

or equivalently;

PL L= Y gin(wt) = g(t) (x)

This is a second order ODE, with homogeneous equation given by;
I" + % _ O

the general solution for which is;

Ay (t) + Bys (1)

where;
hi(t) = cos(L=)
yo(t) = sin(—t=)

The Wronskian W (y1,ys) is given by;

(1) (t) — ya(D)y1 ()

(cos?(

3

o (cos* () + 5in* (7))
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By Lagrange’s variation of parameters, a particular solution to ()
is given by;

[ - _yl f W(y1,y2 dt + y2 f W(ylny

= wa[ [cos( fsm sm(wt)dt—sin(\/%) fcos(\/%)sm(wt)dt]

= [cos(m)f(cos(t(\/T—C—w))—cos(t(\/%—c—{—w)))dt—sin(\/%—C)f(sin(t(\/T—C
+w)) + sin(tw — 75)))]

Vow\/_[cos Narel )sin t(m—w))_cos(\/%)sin(t(\/%-i-w))+sin(\/7)cos(t(\/7+w))

(=) () =
| stz
("J_\/ch)
_ v st sl
- S e
_ VOUJ\/% __sin(wt)  sin(wt)
2 [ 1 1 ]

(e (et
Vowsin(wt)y/ &
RN S

ﬁ*c*‘”) (Tze
. ngszn wt)\/_[ ]
. % )
_ Vowsin(wt)
= L)

and the general solution to (x) is given by;

I(t) = Yowsinlel) 4 Acos

L 1L (F) + Bsin(

) ()

For the method of impedance, see [1], we have the total impedance
7, in a series LC' circuit, is given by;

Z:ZL—FZC:Z'ML—Fﬁ

so that the phaser current, I’ = ,, where V' is the phaser voltage
V' = Vpe™! and the real forcing voltage is Re(V");
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’ Voeiwt

w o twt
Volee

1,2
Lc ¥

and taking real parts I = Re(I');

_ Vowsin(wt)
7 = it

which agrees with (%) as a particular solution.

0

Lemma 0.3. Let hypotheses be as in lemma 0.2 and let the driven
LC' tuning circuit be tapped across the inductor, with inductance Lo
across the tap and Ly remaining in the original LC' circuit, so that
L = Ly + Ly. Then, if we attach a new network A across the tap, an
equivalent network is given by the driving voltage;

Vow?cos(wt)
V/ — 0
L6
in series with the network A and an impedance;

1 rwla(w?CLi—1)
Z = Z( w?LC—1 )

Proof. Using Thenevin’s theorem, the driving voltage V' is given by the
open circuit voltage V,., between the terminals where A is attached.
We let I; be the current in the original LC' loop and I5 be the current
in the tapping loop. Then;

Voe = L2%(11 — 1)

as no current is drawn in the open circuit. We clearly have that
I = I, where I was found in Lemma 0.2, so that;

Ve = —‘f&?ﬁ‘g? + A’cos(\/%—c) + B'sin(—=)

5
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where {A’, B’} are arbitrary constants. We have that Z' = Zy,,
where Zy, is the impedance looking into the network from the termi-
nals of A and replacing the original driving voltage V' with a short
circuit. Zy, consists of C' and L; in parallel with L, so that;

1 1 1

= — - -
Zin iwCJr“"’Ll iwlLo

— (=1 1
= Z(i_m o)
_ Z-(wQCLg—(l—w2CL1))
- wLa(1—w2CLy)

_ 2LC-1
= Z((l—fﬂCLl)ng)

so that;

_ rwla(1-w?CLy)
Zin = =i )

. rwlo(w?CLi—
= (2 (%)

Noting that Zy, is infinite, when w = J%’ the associated current to

a forcing voltage of;

A’cos(\/%—c) + B'sin(

;>
VLC

is zero, even including the in series network A, and, by linearity of
ODE’s, for the impedance connected in series to the network A, the

current is determined with A’ = B’ = 0 and a forcing voltage of;

V! = Vow?cos(wt)

- 1
L(w?-zg

through Z’, in series with A, given by (x).

O

Definition 0.4. A detector circuit consists of a diode in series with a
resistor and capacitor in parallel. We assume the diode is ideal.

Lemma 0.5. Let hypotheses be as in the previous lemma, and let a
detector circuit be attached to the tuning circuit as network A. Let the
forward resistance of the diode be Ry, the remaining resistance be Ry
and the capacitance be Cy. Let I denote the current flowing through
the impedance Z', let Iy be the current flowing through Cy and let the
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driving voltage be V'. Then, during the half cycle when the diode is on;

1 .
o R2/C1 _M)emt
— Z tRy
I = Re[. L _Z'+Ri+Ry ]
MW 2T R ROy

1
(Z’+R1+R2 ) RyCq “")
Ro Z/+R1

1
Z'+R1+Ro Ro
(Z'+R1)RyCq

Iy = Re[Vg]

iwt]

w+ ]6

(m—4)m—¢

w )

and during the half cycle when the diode is off, letting t,, =
where;

1 .
Z'+R{+R RyCy]
( IREYEIPTS] )

. R Z'+R 1
¢ - arg(‘/o,[ iwj Z'+R{+Ro — - 3_2])
(Z'+R1)Ry 0y

15 the phase angle, we have that;

Il - O
1
Z'+R{+Ry ) RyCq “*’)
—2|V] Ra i Z'+Ry —1
. Z'+R1+Ro Ro —(t—t )
Wt ———— 2 2n+1
I, = (Z'+R1)RyC e R0y

ClR2(1,€wR2C1 )

There is no additional resonant current in the circuit.

Proof. During the half cycle, when the diode is on, let V' = Vje™*
and let the phaser currents be {I;, I}, then by Kirchoff’s voltage law
around the two loops;

V'=9LZ"+ LR + (I, — )R,
=1(Z'+ Ry + Ry) — LR» (%)

Ve, = (I — L) Rs

so that, by the rule for a capacitor;

dV
= R = 8 )

and rearranging (*);

b= (28 ¥ ()
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dly _ @(Z’JrRlJrRz) _ Vg et
dt — dt Ro Ry

and substituting into (xx);

R2 dly R2(d11 (Z'+R1+R2) _wVy eiwt) — C%([l(zH—RH-Rz) _ L’)

R2 Ro Ro Ro
so that;
dh ' L iwt Z'+Ri+Ro\ _ v’
W(RQ — (Z + Rl + RQ)) - Zw‘/E)e - Il( R-C1 ) — T RaCh
or equivalently;
dly / 7'+ R1+Ro . wt
G2+ Ry) + () = Vi — iw)e
so that;

1 .
dh Z'+Ri+Ry \ _ 1//( F2C1 "\ iwt
+ L(Giasme) = Vo(am e
Z'+R{+Ry

and multiplying by the integrating factor e<Z’+R1>R201t, we obtain;

z! +R1+Ro ¢ VA +R1+Ro t R1C —iw ot
(Z'+R1)RaCy — e(Z'+R1)R2Cy =221 )W
dt(6 L) =e Vol 7T+ Ry Je
so that;
Z'+ Ry +Ry 1
Z'+R1+Ry o 2 +R1)R2C1tvl( ;U/ - “’)6m
Z'"+R1{)RyC +Ry
el VRG] = it 2Rty +D
(Z'+R1)R2Cq
/(ﬁﬂw) iwt Z' +Ry+R
Vo(—r—5—)e" _ TR +Ry
— Z 4R (Z'+R1)R3C
L= it 2RI+ Ry + De v

(Z2'+R1)RyCy

where D € C is arbitrary, and, using (A);

L 7 4Ry +Ro -, BaC] . ‘
VI( 1HR ) FpC1 ™) i

; Z'+R{+Rqy
_ o\TRy 271 Ry Vge'? Z'+R1+Ra\ " (271 Ry RyCy
I = it 2R ARy ~ TRy + D( Ro Je @FRRCL
(Z’+R1)R201
Z'+R{+R. R C w /
(—= (3 L) , __Z'+Rj+Ry
_ VOI[ Al ngl . RL]euut + D(Z/+1;1+R2)6 (Z"¥R1)RyCq
1 2 2 2

A (Z'+R1)R2Cq

During the cycle [ta,11, tant2], n > 0 when the diode is off, clearly
I; = 0, and then;
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VC’1 - —RQIQ

so that by the rule for a capacitor;

dVCl .
dt

—Rzﬂzé—i

It follows that, on the cycle when the diode is off;

—(t—tant1)
Iy = Fe RO (B)
where F' = —Vcl [
and;
VCl|t:t2n+1 - VC1 |t:t2n = tt;nn+1 IQC—(lt)dt

where [to,,t2,11], denotes the previous cycle when the diode is on.
To obtain equilibrium in the circuit, we require that;

- (t2n+2 *t2n+1 )

_R2

F,

eq

ton+3 Ig(t)
ton42 dt

[

ton+3 12

_ F RoCq

RQ eq€ toniz dt
so that;

ft2n+3 Ia(t) 4

F _ topnt2 C1 _

eq — —(tont2—t2n41) Ci,eq —

Ra(1—e Ry ) 1—e

—(tant2—tant1)
RyCy

should be independent of n, which we can achieve with D = 0 and,
letting ¢ be the phase angle of I, with D = 0 and the diode on, so that;

Iy = Ecos(wt + ¢)

1 .
Z'+R{+R RyCy;
( 1Ry (HoC) )

B )
R
(2o o
R Z'+R 1
¢ = arg(‘/g[ —> Z’+R1+R+2 — - R_Q])

ZW—"_(Z’-‘-R1)155201

for sufficiently large m > 0, making ¢,,

then have that;

ft2n+s Iz(t) di
tan42

7(t2n+2 ton+1)
Ra(1—e R )

Fo=—

(m

1
QTQj be the times. We
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2n+3-¢
f m Ecos(wt+¢) dt
2n+3 —¢ [
R w

— T
Ra(1—e“F2C1)
—2F
— T
wClRQ(l—e“’RZCl )

For the final claim, we would obtain additional resonant currents if;

: Z'+Ri+Ry
w+ (Z'+R1)R2C1

but Z’ is purely imaginary and w is real.

O

Lemma 0.6. Let hypotheses be as in lemma 0.4, then, if we attach a
new network B across the last capacitor, an equivalent network, for the
half cycle when the diode is on, is given by the driving voltage;

V” = R@(Fl + Glei“’t)

where;

’ [ ’ =L _w
Z'+R1+Ry ) RyCy , Z'+R1+Ry ) RyCy )
2V —2 CIES TR W Vgl —2 a4l
0 oy _Z AR+ Ry Ro . 0 iwy 2/ TR+ Ry Ry
F, = (Z'+R1)R5Cq eoRCT 4 (Z'+R1)RyCy

— T
WO (1—ewk2C1) wCi

1
(Z’+R1+R2)< RyCq “*’)
Vg [—2 |
0 iy Z TR TRy Ry
G, = (Z’+R1)RyCy i(p—%)
1= € 2
wCh

in series with the network A and an impedance;

_ R
Z/I—Z/+R1+m

t

for the component G1e™* and an impedance;

Z" = Ry + Ry

for the component Fy, where the network A is now the combination
of the tuning and detector circuits.

Proof. Using Thenevin’s theorem, the driving voltage V" is given by
the open circuit voltage V,., between the terminals where B is attached.
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Clearly, we have that;
V;)c == VCl

where;

1
Z'+Ri+Ry Y RyCq *W>
2V 2 2R
0 i Z"+R1+Ro

-]
Jr(Z’+R1)R2C1
V6'1 = e

wC1(1— e“’RQCl )

—(t—top41)

mOr for t € [tani1, tantal

Z’+R1+R2 brrvormmily
(R )y
Z'+R1+Rqy
(Z’+R1)R201

wCl(l—e“’R2C1 )

2[5l

w—iﬂ t 12 t
VC’1 = ewfize +‘/;2n+2 2 [t2n+27 t2n+3]

1
Z’+R1+R2)( RyCq W)
2|V [—2 ]
0 ) Z'+R{+Roy Ry

B oo - t E +
_ (275 R Ry C ot e _|_j;2 » %dt for t € [tansa, tonis]

wCq(1— e“’R2Cl )

z! +R1+Ro X R201 -

)

R Z'+R
/ 2 +Rq
W rrmrin,

1
ol

Wt s
_ (Z/+R1)R2(Jl CFTRCT 4
wC’l(l—e“R2CI )

Esin(wt+¢)
wCh

fon Lo fort € [ton+2, ton+s)

Z'+R{+Ry )( )
2|V — 2 brim —a
0 Z'¥R{+Ry Ro o
_ (Z'+Ry )chl eTR2CT

wCl(lfe‘*’RQCl )

(sin(wt + (25) + 1), fort € [t2n+2, t2n+3]

Z+R1+R2)( 261 )
Z/+R1 _i”
wt Z’+R1+R2
(Z7+R1)RyCy
wCh

Vsl

= R€(F1 + Glei“’t), for t € [t2n+2, t2n+3]

where {Fy, G} are as in the statement of the lemma. The Thenevin
resistance Z” for a phasor voltage G1e™! for the combined tuning and
detector circuit is given by;

7'"=7+R + R
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so that;
R =1
%2+sz1

_ Ro
T 1+iwR2Ch

and;

_ R
Z// - Z/ + Rl _l_ 1+iw12%201
Setting w = 0, and using the description of Z’ found earlier, we find
that Z/ = 0 and Z” = R; + Rs, for a constant component in the driving
voltage.

O

Definition 0.7. A filter circuit consists of a resistor in series with a
capacitor.

Lemma 0.8. Let hypotheses be as in the previous lemma, and let a fil-
ter circuit be attached to the tuning detector circuit as network A. Let
the resistor have resistance Rs, and the capacitor have capacitance Cy.
Let I3 denote the current flowing through the impedance Z", and let the
driving voltage be V". Then, during the half cycle when the diode is on;

13 = Ig(&)) + 13(0)

where;

o iCowGrewt
[3(60) - R6[1+iw(1%3+é"(w))02]

15(0) =0

Proof. We have that by Kirchoff’s voltage law for a phasor driving volt-
age of the form G,e™!;

[3Z”(Cd) + IgRg + ch = Glem

and by the rule for a capacitor;

ave,
dt

Iy = Cy
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so that, substituting;
" dVC2 iwt
(Rg + A (w))Cg + V02 G1€

dVCQ 1 . Gleiwt
t @z Vo = Rt 270005

t
and multiplying by the integrating factor e #s+2")%  we obtain;

t t .
4 (o R3+2"(@))Ca — Rt Z () Cy — Gre™t
dt (e 3 2 VCZ) =€\ w 2 (R3+Z”(UJ))C’2

eyl

(R3+2" (w))Ce

so that, assuming stability in the circuit;

R eres umyerk

(R3+2" (w))C2

_t
¢t V02 - (iw+(R z‘//( Ne ) + K
3+ w))C2

» _,
Vi = — Gret + Ke®s+27(@)Cq
@ ot e Rt 2/ @)0:

— Gret K o T2 @)e
= Thw(Rsrz7 @0, T et ?

o Gleiwt
- 1+iw(R3+Z”(w))CQ

and with a driving voltage of Re(G1e™?);

iCowG et
I(w) = Re[uz‘w(}%ﬁé“(w))cz]

whereas with a driving voltage of Re(F}), so that w = 0;
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